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Abstract. We suggest a relatively simple and totally geometric
conjectural description of uncolored DAHA superpolynomials of ar-
bitrary algebraic knots (conjecturally coinciding with the reduced
stable Khovanov-Rozansky polynomials) via the flagged Jacobian
factors (new objects) of the corresponding unibranch plane curve
singularities. This generalizes the Cherednik-Danilenko conjecture
on the Betti numbers of Jacobian factors, the Gorsky combinatorial
conjectural interpretation of superpolynomials of torus knots and
that by Gorsky-Mazin for their constant term. The paper mainly
focuses on non-torus algebraic knots. A connection with the con-
jecture due to Oblomkov-Rasmussen-Shende is possible, but our
approach is different. A motivic version of our conjecture is re-
lated to p-adic orbital A-type integrals for anisotropic centralizers.
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0. Introduction
We propose a relatively simple and totally computable conjectural
geometric description of uncolored DAHA superpolynomials of arbi-
trary algebraic knots in terms of flagged Jacobian factors (new ob-
jects) of the corresponding unibranch plane curve singularities, pre-
sumably coinciding with the corresponding stable Khovanov-Rozansky
polynomials. This description significantly generalizes (a) Cherednik-
Danilenko’s conjecture on the Betti numbers of Jacobian factors (any
unibranch singularities), (b) Gorsky’s conjectural interpretation of su-
perpolynomials of torus knots from [Gor1] etc., and (c) that from
[GM1, GM2] for their a–constant term. Our conjecture is different
from the ORS conjecture from [ORS, GORS] (though some connection
is not impossible).
Motivation. Algebraic-geometric theory of topological invariants of
algebraic links has a long history, starting with the well-known alge-
braic interpretation of the Alexander polynomials . This paper provides
an algebro-geometric description of stable Khovanov-Rozansky polyno-
mials via the DAHA–superpolynomials. See e.g. [KhR1, KhR2, Kh,
Ras, WW]. The geometry of flagged Jacobian factors conjecturally pro-
vides the DAHA–superpolynomials from [Ch2]–[ChD2]. For instance,
this explains the positivity of the latter in the uncolored case, conjec-
tured in [ChD1].
For uncolored torus knots , this positivity results from the combi-
natorial construction from [Gor1, Gor2], which conjecturally provides
both, stable KhR -polynomials and those via DAHA (and is closely re-
lated to rational DAHA). Our conjecture makes the positivity entirely
geometric (generalizing [GM1, GM2]) for torus and arbitrary algebraic
knots. We expect important implications in the theory of plane curve
singularities, the theory of p–adic orbital integrals and affine Springer
fibers ; see Conjecture 2.5 (iii) and Section 5.
Algebraic knots. Torus-type (quasi-homogeneous) plane singularities
are very special. Not much is actually known on the Jacobian factors
of non-torus plane singularities; the paper [Pi] still remains the main
source of examples. It was an important development when the DAHA
approach from [Ch2, GN, Ch3] was extended from torus knots to ar-
bitrary algebraic knots in [ChD1] and then to any algebraic link in
[ChD2]. The Newton pairs and the theory of Puiseux expansion , the
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key in the topological classification of plane curve singularities, natu-
rally emerge in the DAHA approach.
One of the key advantages of the usage of DAHA is that adding col-
ors is relatively direct (via the Macdonald polynomials), which is well
understood for any iterated torus link (including all algebraic links).
This is well ahead of any other approaches (topology included) for such
links. We expect that our present paper can be enhanced by adding
colors via (presumably) the curves suggested in [Ma]. The case of rec-
tangle Young diagrams is exceptional due to the conjectured positivity
of the corresponding reduced DAHA superpolynomials for algebraic
knots [Ch2, ChD1]. The switch from the rank-one torsion free mod-
ules in the definition of compactified Jacobians to arbitrary ranks is
expected here (among other modifications), which is in progress.
The passage to arbitrary algebraic knots and links from torus knots is
important because of multiple reasons. The generality is an obvious ad-
vantage, but not the only one. All algebraic links (not only torus knots)
are necessary to employ the technique of the resolved conifold and sim-
ilar tools used in [Ma] to prove the (colored generalization of) the OS
conjecture [ObS] concerning the HOMFLYPT polynomials. Also, all
algebraic links are needed for the theory of Hitchin and affine Springer
fibers, since spectral curves are generally not unibranch. Topologically,
the class of iterated links is closed with respect to cabling , a major
operation in knot theory.
ORS Conjecture. Let us briefly comment on Conjecture 2 from [ORS];
see Section 5 for some further discussion. It relates the geometry of
nested Hilbert schemes of arbitrary (germs of) plane curve singularities
to the Khovanov-Rozansky unreduced stable polynomials of the corre-
sponding links. The main component of their conjecture vs. the OS
conjecture is the weight filtration . The polynomials Palg there con-
jecturally coincide with uncolored ones in the q, t-DAHA theory (upon
switching to the standard parameters); see [ChD1]. They are connected
with the perverse filtartion on the cohomology of the compactified Ja-
cobians from [MY, MS] (see Proposition 4 in [ORS]).
Our approach is based on admissible flags of submodules {Mi} in
the normalization ring; here dimC(Mi+1/Mi) = 1 but they are not
full flags and the admissibility is a very restrictive condition. The
absence of (nested) Hilbert schemes is due to the reduced setting of
our paper (continuing [ChD1]); there are other important deviations
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from [ORS]. For instance, we do not need the weight filtration and our
approach is quite computable. There may be a connection with Section
9.1 from [GORS] (a reduced version of the construction of [ORS]) but
this is unclear. Actually, the weight filtration appears naturally in
(5.2), which follows from a modular variant (2.7) of our conjecture,
but it is associated with a parameter different from that in [ORS].
Main results. The key is Conjecture 2.5; anything else is about con-
firmations, examples and connections. It extends Conjecture 2.4 (iii)
from [ChD1] for Betti numbers of Jacobians factors for unibranch plane
curve singularities (the case q=1, a=0). It was essentially checked in
[Mel] for torus knots. The Betti numbers for torus knots are due to
[LS] (see also [Pi, GM1]). We focus in this paper on non-torus knots.
The series of the plane curve singularities for Puiseux exponents
(4, 2u, v) for odd u, v and v > 2u > 4 is the simplest of non-torus type;
the corresponding links are Cab(2u + v, 2)T (u, 2). Here we generalize
the formulas from [Pi] for the dimensions of cells in the corresponding
CW–presentation. The most convincing demonstrations of our Main
Conjecture are the examples where such cells are not all affine. Such
examples are well beyond [Pi] and are actually a new vintage in the
theory of compactified Jacobians as well as our flagged generalization.
Some perspectives. An extension of the geometric approach to su-
perpolynomials from this paper to all root systems is of obvious inter-
est, especially due to connections with p–adic orbital integrals. Paper
[ChE] hints that such a uniform theory may exist, in spite of the fact
that there can be no rank stabilization for the systems EFG. Such a
theory can be expected to provide refined generalizations of orbital in-
tegrals from the geometric Fundamental Lemma; local spectral curves
are taken here as plane curve singularities. See the end of the paper.
The case q=1, a=0 is directly related to p–adic orbital integrals of
nil-elliptic type A. An immediate corollary of Conjecture 2.5 is that
such orbital integrals are topological invariants of the corresponding
plane curve singularities. This readily follows from [LS] for torus knots,
but seems beyond any existing approaches for non-torus singularities,
especially in the presence of non-affine cells (see online version of this
paper). This invariance, the refined orbital integrals, the connections
with HOMFLYPT homology and an extension of our paper to arbitrary
algebraic links, any colors and all root systems are natural challenges.
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1. DAHA superpolynomials
We will provide here the main facts of DAHA theory needed for the
definition of the DAHA-Jones polynomials and DAHA superpolyno-
mials. See [Ch2, Ch3, Ch1] for details. The construction is totally
uniform for any root systems and weights.
1.1. Definition of DAHA. Let R = {α} ⊂ Rn be a root system
of type An, . . . ,G2 with respect to a euclidean form (z, z
′) on Rn ∋
z, z′, W the Weyl group generated by the reflections sα, R+ the set of
positive roots corresponding to fixed simple roots α1, ..., αn. The form
is normalized by the condition (α, α) = 2 for short roots. The weight
lattice is P = ⊕ni=1Zωi, where {ωi} are fundamental weights. The root
lattice is Q = ⊕ni=1Zαi. Replacing Z by Z+ = {Z ∋ m ≥ 0}, we obtain
P+, Q+ See e.g., [Bo] or [Ch1].
Setting να
def
== (α, α)/2, the vectors α˜ = [α, ναj] ∈ Rn × R ⊂ Rn+1
for α ∈ R, j ∈ Z form the twisted affine root system R˜ ⊃ R (z ∈ Rn
are identified with [z, 0]). We add α0
def
== [−ϑ, 1] to the simple roots for
the maximal short root ϑ ∈ R+. The corresponding set R˜+ of positive
roots is R+ ∪ {[α, ναj], α ∈ R, j > 0}.
The set of the indices of the images of α0 by all automorphisms of the
affine Dynkin diagram will be denoted by O (O = {0} for E8, F4, G2).
Let O′
def
== {r ∈ O, r 6= 0}; O′ = [1, . . . , n] for An. The elements ωr for
r ∈ O′ are minuscule weights , defined by the inequalities (ωr, α∨) ≤ 1
for all α ∈ R+. We set ω0 = 0 for the sake of uniformity.
Affine Weyl groups. Given α˜ = [α, ναj] ∈ R˜, b ∈ P , let
sα˜(z˜) = z˜ − (z, α
∨)α˜, b′(z˜) = [z, ζ − (z, b)](1.1)
for z˜ = [z, ζ ] ∈ Rn+1. The affine Weyl group W˜ = 〈sα˜, α˜ ∈ R˜+〉 is the
semidirect product W⋉Q of its subgroups W = 〈sα, α ∈ R+〉 and Q,
where α is identified with
sαs[α, να] = s[−α, να]sα for α ∈ R considered in 〈sα˜〉.
Using the presentation of W˜ as W⋉Q, the extended Weyl group Ŵ
can be defined as W⋉P , where the corresponding action is
(wb)([z, ζ ]) = [w(z), ζ − (z, b)] for w ∈ W, b ∈ P.(1.2)
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It is canonically isomorphic to W˜⋉Π for Π
def
== P/Q. The latter group
consists of π0 =id and the images πr of minuscule ωr in P/Q.
The group Π will be naturally identified with the subgroup of Ŵ of
the elements of the length zero; the length is defined as follows:
l(ŵ) = |λ(ŵ)| for λ(ŵ)
def
== R˜+ ∩ ŵ
−1(−R˜+).
One has ωr = πrur for r ∈ O′, where ur is the (unique) element u ∈ W
of minimal length such that u(ωr) ∈ −P+.
Setting ŵ = πrw˜ ∈ Ŵ for πr ∈ Π, w˜ ∈ W˜ , the length l(ŵ) coincides
with the length of any reduced decomposition of w˜ in terms of the
simple reflections si, 0 ≤ i ≤ n (a standard and important fact).
Let m, be the least natural number such that (P, P ) = (1/m)Z;
m = n + 1 for An. The double affine Hecke algebra, DAHA , depends
on the parameters q, tν (ν ∈ {να}); to be exact, it is defined over the
ring of polynomials in terms of q±1/m and {t±1/2ν }.
For α˜ = [α, ναj] ∈ R˜, we set tα˜= tα= tνα, qα˜=qα=q
να, and introduce
kα˜=kα=kνα from the relation tν = q
νkν . For i = 1, . . . , n, let
ρk
def
==
1
2
∑
α>0
kαα = kshtρsht+klngρlng, ρν =
1
2
∑
να=ν
α =
∑
ναi=ν
ωi,
where sht, lng are used for short and long roots. We note that the spe-
cialization ksht=1=klng corresponds to quantum groups and provides
the WRT invariants in the construction below; see [Ch2].
For pairwise commutative X1, . . . , Xn,
Xb˜
def
==
n∏
i=1
X lii q
j if b˜ = [b, j], ŵ(Xb˜) = Xŵ(˜b),(1.3)
where b =
n∑
i=1
liωi ∈ P, j ∈ (1/m)Z, ŵ ∈ Ŵ .
For instance, X0
def
== Xα0 = X[−ϑ,1] = qX
−1
ϑ .
Recall that ωr = πrur for r ∈ O′ (see above). Note that π−1r is πι(i),
where ι is the standard involution of the nonaffine Dynkin diagram,
induced by αi 7→ −w0(αi); it is the reflection of [1, . . . , n] in type An.
Finally, we set mij = 2, 3, 4, 6 when the number of links between αi
and αj in the affine Dynkin diagram is 0, 1, 2, 3.
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Definition 1.1. The double affine Hecke algebraHH is generated by the
elements {Ti, 0 ≤ i ≤ n}, pairwise commutative {Xb, b ∈ P} satisfying
(1.3) and the group Π, where the following relations are imposed:
(o) (Ti − t
1/2
i )(Ti + t
−1/2
i ) = 0, 0 ≤ i ≤ n;
(i) TiTjTi... = TjTiTj ..., mij factors on each side;
(ii) πrTiπ
−1
r = Tj if πr(αi) = αj;
(iii) TiXb = XbX
−1
αi
T−1i if (b, α
∨
i ) = 1, 0 ≤ i ≤ n;
(iv) TiXb = XbTi if (b, α
∨
i ) = 0 for 0 ≤ i ≤ n;
(v) πrXbπ
−1
r = Xπr(b) = Xu−1r (b)q
(ωι(r),b), r ∈ O′.
Given w˜ ∈ W˜ , r ∈ O, the product
Tπrw˜
def
== πrTil · · ·Ti1 , where w˜ = sil · · · si1 for l = l(w˜),(1.4)
does not depend on the choice of the reduced decomposition. Moreover,
Tv̂Tŵ = Tv̂ŵ whenever l(v̂ŵ) = l(v̂) + l(ŵ) for v̂, ŵ ∈ Ŵ .(1.5)
In particular, we arrive at the pairwise commutative elements
Yb
def
==
n∏
i=1
Y lii if b =
n∑
i=1
liωi ∈ P, Yi
def
== Tωi , b ∈ P.(1.6)
1.2. Main features. The following maps can be (uniquely) extended
to automorphisms of HH , where q1/(2m) must be added to the ring of
constants (see [Ch1], (3.2.10)-(3.2.15)):
τ+ : Xb 7→ Xb, Ti 7→ Ti (i > 0), Yr 7→ XrYrq
−
(ωr,ωr)
2 ,(1.7)
τ+ : T0 7→ q
−1XϑT
−1
0 , πr 7→ q
− (ωr,ωr)
2 Xrπr (r ∈ O
′),
τ− : Yb 7→ Yb, Ti 7→ Ti (i ≥ 0), Xr 7→ YrXrq
(ωr,ωr)
2 ,(1.8)
τ−(Xϑ) = qT0X
−1
ϑ T
−1
sϑ
; σ
def
== τ+τ
−1
− τ+ = τ
−1
− τ+τ
−1
− .
These automorphisms fix tν , q and their fractional powers.
The span of τ± is the projective PSL2(Z) (due to Steinberg), which
is isomorphic to the braid group B3. Let us list the matrices cor-
responding to the automorphisms above upon the natural projection
onto SL2(Z), which is upon the specialization t
1
2m
ν , q
1
2m 7→ 1. The ma-
trix
(
α β
γ δ
)
will represent the map Xb 7→ X
α
b Y
γ
b , Yb 7→ X
β
b Y
δ
b for b ∈ P .
One has: τ+ 7→
(
1 1
0 1
)
, τ− 7→
(
1 0
1 1
)
, σ 7→
(
0 1
−1 0
)
.
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We note that there are some simplifications with the definition of
DAHA and τ± for An and in part (i) of Theorem 1.2, but they are
not significant (the theory is very much uniform for any root systems).
However An is obviously needed in part (ii) in this theorem.
Following [Ch1], we use the PBW Theorem to express any H ∈ HH
in the form
∑
a,w,b ca,w,bXaTwYb for w ∈ W , a, b ∈ P (this presentation
is unique). Then we substitute:
{ }ev : Xa 7→ Xa(q
−ρk)=q−(ρk,a), Yb 7→ q
(ρk ,b), Ti 7→ t
1/2
i .(1.9)
The functional HH ∋ H 7→ {H}ev, called coinvariant , acts via the
projection H 7→ H ⇓
def
== H(1) of HH onto the polynomial representation
V, which is theHH–module induced from the one-dimensional character
Ti(1) = t
−1/2
i = Yi(1) for 1 ≤ i ≤ n and T0(1) = t
−1/2
0 . Here t0 = tsht;
see [Ch1, Ch2, Ch3].
The polynomial representation V is linearly generated by Xb(b ∈ P )
and the action of Ti(0 ≤ i ≤ n) there is given by the Demazure-Lusztig
operators :
Ti = t
1/2
i si + (t
1/2
i − t
−1/2
i )(Xαi − 1)
−1(si − 1), 0 ≤ i ≤ n.(1.10)
The elements Xb become the multiplication operators and πr(r ∈ O
′)
act via the general formula ŵ(Xb) = Xŵ(b) for ŵ ∈ Ŵ .
Macdonald polynomials. The Macdonald polynomials Pb(X) for b ∈
P+ are uniquely defined as follows. For c ∈ P , let c+ be a unique
element such that c+ ∈ W (c) ∩ P+. Given b ∈ P+ and assuming that
c ∈ P is such that b 6= c+ ∈ b−Q+,
Pb−
∑
a∈W (b)
Xa ∈ ⊕cQ(q, tν)Xc and CT
(
PbXcι µ(X ; q, t)
)
=0,(1.11)
where µ(X ; q, t)
def
==
∏
α∈R+
∞∏
j=0
(1−Xαqjα)(1−X
−1
α q
j+1
α )
(1−Xαtαq
j
α)(1−X−1α tαq
j+1
α )
.
Here CT is the constant term; µ is considered a Laurent series of Xb
with the coefficients expanded in terms of positive powers of q. The
coefficients of Pb belong to the field Q(q, tν). The following evaluation
formula (the Macdonald Evaluation Conjecture) is important to us:
(Pb(q
−ρk)) = q−(ρk,b)
∏
α>0
(α∨,b)−1∏
j=0
(1− qjαtαXα(qρk)
1− qjαXα(qρk)
)
.(1.12)
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1.3. Algebraic knots. Torus knots T (r, s) are defined for any integers
r, s > 0 such that gcd(r, s) = 1. One has the symmetry T (r, s) = T (s, r),
where we use “=” for the ambient isotopy equivalence. Also T (r, 1) =
© for the unknot , denoted by ©.
Algebraic knots T (~r,~s) are associated with two sequences of (strictly)
positive integers:
~r = {r1, . . . rℓ}, ~s = {s1, . . . sℓ} such that gcd(ri, si) = 1;(1.13)
ℓ will be called the length of ~r,~s. The pairs {ri, si} are characteristic
or Newton pairs .
We will need one more sequence:
a1 = s1, ai = ai−1ri−1ri + si (i = 2, . . . , m).(1.14)
See e.g. [EN] and [Pi]. Then,
T (~r,~s)
def
== Cab(~a,~r)(©) =
(
Cab(aℓ, rℓ) · · ·Cab(a2, r2)
)(
T (a1,r1)
)
(1.15)
in terms of the cabling defined below. Note that the first iteration
(application of Cab) is for {a1, r1} (not for the last pair!).
Cabling. The cabling Cab(a, b)(K) of any oriented knot K in (ori-
ented) S3 is defined as follows; see e.g. [Mo, EN] and references therein.
We consider a small 2–dimensional torus around K and put there the
torus knot T (a, b) in the direction of K, which is Cab(a, b)(K) (up to
ambient isotopy).
This procedure depends on the order of a, b and the orientation of
K. We choose the latter in the standard way (compatible with almost
all sources, including the Mathematica package “KnotTheory”); the
parameter a gives the number of turns around K. This construction
also depends on the framing of the cable knots; we take the natural
one, associated with the parallel copy of the torus where a given cable
knot sits (its parallel copy has zero linking number with this knot).
By construction, Cab(a, 0)(K) = © and Cab(a, 1)(K) = K for any
knot K and a 6= 0. See [ChD1] for further discussion of relations. The
pairs {ri, ai} are sometimes called topological; the isotopy equivalence of
algebraic knots generally can be seen only at the level of r, a–parameters
(not at the level of the Newton or Puiseux pairs).
Newton-Puiseux theory. Given a sequence ri, si > 0 of Newton (char-
acteristic) pairs the knot T (~r,~s) is the link of the germ of the singularity
y = x
s1
r1 (c1 + x
s2
r1r2
(
c2 + . . .+ x
sℓ
r1r2···rℓ
)
) at 0,(1.16)
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which is the intersection of the corresponding plane curve with a small
3-dimensional sphere in C2 around 0. We will always assume in this
paper that this germ is unibranch.
The inequality s1 < r1 is commonly imposed here (otherwise x and
y can be switched). Formula (1.16) is the celebrated Newton-Puiseux
expansion. See e.g. [EN]. All algebraic knots can be obtained in such
a way.
Jacobian factors. One can associate with a unibranch C~r,~s the Jaco-
bian factor J(C~r,~s). Up to a homeomorphism, it can be introduced as
the canonical compactification of the generalized Jacobian of an inte-
gral rational planar curve with C~r,~s as its only singularity. It has a
purely local definition, which we will use below. Its dimension is the
δ–invariant of the singularity C~r,~s, also called the arithmetic genus.
Calculating the Euler number e(J(C~r,~s)), the topological Euler char-
acteristic of J(C~r,~s), and the corresponding Betti numbers in terms
of ~r,~s is a challenging problem. For torus knots T (r, s), one has
e(J(Cr,s)) =
1
r+s
(
r+s
r
)
due to [Bea]. This formula is related to the per-
fect modules of rational DAHA and the combinatorics of generalized
Catalan numbers; see e.g. [GM1].
The Euler numbers of J(C~r,~s) were calculated in [Pi] (the Main The-
orem) for the following triples of Puiseux characteristic exponents :
(4, 2u, v), (6, 8, v) and (6, 10, v) for odd u, v > 0,(1.17)
where 4< 2u < v, and 8< v, 10< v respectively. Here δ =dimJ(C~r,~s)
is (r−1)(s−1)
2
for T (r, s) and 2u + (v − 1)/2 − 1 for the series (4, 2u, v).
Generally, δ equals the cardinality |N \ Γ|, where Γ is the valuation
semigroup associated with C~r,~s; see [Pi] and [Za]. The Euler numbers
of the Jacobian factors can be also calculated via the HOMFLYPT
polynomials of the corresponding links (see below) due to [ObS, Ma].
Concerning the Betti numbers for the torus knots and the series
(4, 2u, v), the odd (co)homology of J(C~r,~s) vanishes. The formulas for
the corresponding even Betti numbers h(2k) = rk (H2k(J(C~r,~s))) were
calculated explicitly for many values of k in [Pi], where 0 ≤ k ≤ δ. Not
much was and is known/expected beyond these two series.
1.4. DAHA-Jones theory. The following results and conjectures are
mainly from [ChD1]; see also Theorem 1.2 from [Ch3] and [Ch2, GN].
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The construction is given directly in terms of the parameters {~r,~s},
though it actually depends only on the corresponding topological pa-
rameters {~a,~r}. Recall that torus knots T (r, s) are naturally represented
by γr,s ∈ PSL2(Z) with the first column (r, s)tr (tr denotes transposi-
tion), where r, s > 0 and we assume that gcd(r, s) = 1. Let γ̂r,s be any
pullback of γr,s to the projective PSL2(Z).
For a polynomial F in terms of fractional powers of q and tν , the
tilde-normalization F˜ will be the result of the division of F by the
lowest q, tν–monomial, assuming that it is well defined. We put q
•t• for
a monomial factor (possibly fractional) in terms of q, tν . See [ChD1]
for the following theorem. We will also apply this definition to the
superpolynomials, where the lowest q, t–monomial is picked from the
constant a–term.
Theorem 1.2. Let R be a reduced irreducible root system. Recall that
H 7→ H⇓
def
== H(1), where the action of H ∈ HH in V is used.
(i) Given two strictly positive sequences ~r,~s of length ℓ as in (1.13),
we lift (ri, si)
tr to γi and then to γ̂i (acting in HH) as above. For a
weight b ∈ P+ , the DAHA-Jones polynomial is
JDR~r,~s (b ; q, t) = JD~r,~s (b ; q, t)
def
==(1.18) {
γ̂1
(
· · ·
(
γ̂ℓ−1
((
γ̂ℓ(Pb)/Pb(q
−ρk)
)
⇓
)
⇓
)
· · ·
)}
ev
.
It does not depend on the particular choice of the lifts γi and γ̂i ∈
GL∧2(Z). The tilde-normalization J˜D~r,~s (b ; q, t) is well defined and is a
polynomial in terms of q, tν with the constant term 1.
(ii) Let us switch to the root system An for sln+1, setting t= tsht=q
k
and considering P+ ∋ b =
∑n
i=1 biωi as (dominant) weights for any Am
(for slm+1) with m ≥ n − 1, where we assume that ωn = 0 upon the
restriction to An−1.
Then given T (~r,~s) as above, there exists a DAHA–superpolynomial
H~r,~s (b ; q, t, a) from Z[q, t±1, a] satisfying the relations
H~r,~s (b; q, t, a=−t
m+1)= J˜D
Am
~r,~s (b; q, t) for any m≥n−1;(1.19)
then its a–constant term is automatically tilde-normalized. 
Topological connection. Let us briefly discuss the conjectural relation
of DAHA–superpolynomials to
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denoted by KhRstab. See [KhR1, KhR2, Kh, Ras]. We consider only
the reduced setting (actually not quite developed topologically).
The passage to the Khovanov-Rozansky polynomials for slN for suf-
ficiently large N is the substitution a 7→ tN
√
q/t. Note the relation to
the Heegaard-Floer homology for N = 0. Equivalently, this passage is
ast 7→ qNst in the standard topological parameters (also used in the ORS
Conjecture ), which are related to the DAHA parameters as follows:
t = q2st, q = (qsttst)
2, a = a2sttst,
q2st = t, tst =
√
q/t, a2st = a
√
t/q.(1.20)
For the DAHA–superpolynomials from Theorem 1.19,
H~r,~s ( ; q, t, a)st = K˜hRstab(qst, tst, ast) where  = ω1,(1.21)
and K˜hRstab is reduced KhRstab divided by the smallest power of ast and
then by q•stt
•
st such that K˜hRstab(ast=0) ∈ Z+[qst, tst] with the constant
term 1. Here {·}st means the switch from the DAHA parameters to
the standard topological parameters.
Also, the polynomials KhRstab are expected to coincide with the (re-
duced) physics superpolynomials based on the BPS states [DGR, AS,
FGS, GGS] and those obtained in terms of rational DAHA [GORS, GN]
for torus knots. The latter approach is developed so far only for torus
knots and in the uncolored case; there is some progress for symmetric
powers of the fundamental representation (see [GGS]). We will not
touch the connections with rational DAHA in this paper. Concerning
physics origins, let us mention that using the Macdonald polynomials
at roots of unity q (for t=qk, k ∈ Z+) instead of Schur functions in the
usual construction of knot opertators was suggested in [AS].
Betti numbers h(i)= rkH i(J(C~r,~s)). We are very much motivated by
the DAHA approach to these numbers. Technically, we generalize the
interpretation of Gorsky’s superpolynomials for torus knots at a = 0
from [GM1, GM2] and the following conjecture from [ChD1]:
H~r,~s ( ; q = 1, t, a = 0) =
∑2δ
i=0h
(i)ti/2 for δ=dim J(C~r,~s).(1.22)
It implies that hodd = 0 (the van Straten- Warmt conjecture). Re-
lation (1.22) will be generalized below to the whole superpolynomial
H~r,~s ( ; q, t, a), which is the main result of our paper.
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2. Geometric superpolynomials
2.1. Modules of semigroups. Let R be the complete local ring of
the unibranch germ of the plane curve singularity, embedded into the
normalization ring O = C[[z]]. The conductor of R is the smallest c
such that zcO ⊂ R; actually it is the ideal (zc) ⊂ O, but we will call c
the conductor in this paper. We set K
def
== C((z)).
The corresponding semigroup ΓR is formed by the orders of the
smallest powers, i.e. valuations ν(x) (minimal z–degrees) x ∈ R. The
δ–invariant (the arithmetic genus) is then δR = |Z+ \ΓR|. We will call
Z+ \ΓR the set of gaps and denote it GR; thus δ = |GR|. Also, c = 2δ.
Compactified Jacobians for projective curves are generally defined
as the varieties of coherent torsion free sheaves of rank one and fixed
degree up to isomorphisms. The Jacobian factor JR, we are going to
define, is a local version of the compactified Jacobian. It is (as a set)
formed by all finitely generated R–submodules M ⊂ K = C((z)), of
(any) prescribed degree, also called R–lattices.
We define O–degree degOM with respect to O; it is dimC(O/M) if
M⊂ O. For arbitrary submodules M⊂ K:
degO(M) = dimC(O/(O ∩M))− dimC(M/(O ∩M)).(2.1)
This definition is a natural counterpart of the degree of a divisor at a
given point (here at z = 0) in the smooth situation. Actually we will
mainly need below −degR(M) = δ − degO(M).
The valuations ν(x) of the elements x ∈ M ⊂ K form a ΓR-module
∆M; the modules for semigroups Γ (with 0) are subsets ∆ ⊂ Z+ such
that Γ + ∆ ⊂ ∆. Unless stated otherwise, we assume that M ⊂ O
and that it contains the element 1+
∑
c−1
i=1 λ
i
0z
i (of valuation 0), such an
embedding can be achieved by the division by zm for m = min(∆M).
Here the upper limit c−1 is sufficient in the sum due to the definition
of the conductor. The notation ∆◦ is used for such a normalization
in [Pi], we call it the standard normalization. See there for these and
related definitions and facts.
For a standard M, we will use the notation DM or D[M] for GR ∩
∆M and call it the set of added gaps or simply the D–set . The square
brackets will be used for the list of its elements. For instance, DR =
∅=[ ] corresponds to the (trivial) Γ–module ∆R = Γ, and DO=GR=
[1, . . . , c−1] for M=O (recall that c−1 is the last gap in G).
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Due to the normalization we impose, one has:
degO(M) = δ − |DM|, −degR(M) = |DM| for standard M.(2.2)
Not all Γ–modules ∆ can be realized as ∆M for non-torus singu-
larities. Recall that torus knots T (r, s) are associated with the rings
R = C[[zr, zs]]. The simplest example of a non-torus singularity is
R = C[[z4, z6 + z7]] with Γ = 〈4, 6, 13〉 and c = 16. Then the sets
of added gaps D = [2, 15] and D = [2, 11, 15] do not come from any
modules M; following [Pi], we call them non-admissible . All other D
are admissible in this case (i.e. can be obtained as DM).
2.2. JR as a projective variety. Let JR[D]⊂JR be the set of mod-
ules M with DM=D, JR[d]=∪ |D|=dJr[D] and J¯R[d]=∪ d′≥dJr[d
′] for
d ≥ 0. I.e. the latter is the set of all standard submodules of O–degree
δ−d or smaller. The set JR[0] = JR[∅] is the big cell ; it is formed
by all invertible modules M (with one generator and of O–degree δ).
Also, JR[δ] = J¯R[δ] = {M = O}, JR[> δ] = ∅. Finally, we note that
the isomorphisms of a particular submodule M are those induced by
the action of the group of units R∗.
We can give J¯R[d] the structure of a projective subvariety in JR =
J¯R[0] following [GP]; actually they are projective schemes over Z. Ge-
nerally, the O–degree of zaM for an R–moduleM⊂ O and a ∈ Z+ is
degOM+ a. Indeed, degO(zaM) = |Z+ \ ν(zaM)| = a+ |Z+ \ ν(M)|.
Given 0 ≤ d ≤ δ, let M◦ be a standard submodule of O–degree
δ − d◦ for d◦ ≥ d and a = d◦ − d. Then the submodule M = zaM◦ is
of O–degree δ−d◦+d◦−d = δ−d and one has:
z2δO ⊂M ⊂ O and dimC(O/M) = δ − d.
Vice versa, M◦ = z−aM are standard for any such R–submodules
M, where a is the smallest evaluation ν(z) among all z ∈ M. Such
M for d = 0 are called δ–normalized modules in [Pi]; our standard
submodules are called there 0–normalized.
Now consider the Grassmanian Gr(O/z2δO, δ + d). A subspace of
dimension δ + d is an R-module if and only if it is invariant under the
action ofR/z2δO by multiplication. Thus J¯R[d] is the set of fixed points
in Gr(O/z2δO, δ + d) under the group action of (R/z2δO)⋆. To obtain
the structure we desire, extend the action of (R/z2δO)⋆ to
∧δ+dO/z2δO
and consider the image under the Plu¨cker embedding. The condition of
being a fixed point under the action (R/z2δO)⋆ defines a linear subspace
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of the projective space P(
∧δ+dO/z2δO), so JR is the intersection of
the image of the Plu¨cker embedding of Gr(O/z2δO, δ + d) and this
linear subspace. Finally, we go back to our standard modules using the
identification maps above.
There is an alternative intrinsic interpretation of the projective
structure of JR. Let us consider R–submodules M˜ ⊂ K ⊗C C[[u]],
finitely generated over C[[u]], i.e. a families of submodules M (for-
mally) analytically depending on a parameter u. Let M˜ contain a
principle ideal C[[u, z]]zp for some p (arbitrarily large).
We define the enhanced (flat) limit M˜0 of M˜ as the linear subspace
of K of all linear combinations of the vectors in M˜ divided by the
smallest possible power of u and then evaluated at u = 0. This is one
of the key definitions in the theory of sheaves and bundles over curves.
Such a limit obviously contains the straightforward specialization
M0
def
== M˜(u = 0). The space M˜0 ⊂ O has a natural structure of aR–
submodule by construction. Therefore it becomes a standard module
(an element of JR) upon the division by a proper power z
n(n ≥ 0).
As in the definition of the standard normalization, we assume here
that M˜ contains an element with zero z–valuation; its z–constant term
can be any nonzero element (possibly non-invertible) from C[[u]]. By
the way, one can check that the enhanced limit will remain the same
if the principle ideal C[[u, z]]zc is added to M˜, i.e. p above can be
assumed to be no greater than the conductor c. This results from a
standard theory of flat limits. Without general theory here, this fact
can be justified by enlarging M˜ with all linear combinations of the
vectors in M˜ divided by the corresponding minimal power of u and
verifying that this procedure will eventually add C[[u, z]]zc toM. The
limit M˜0 will remain unchanged under such an “enhancement” of M˜.
Finally, the boundary of any family of modules considered in JR is
the collection of enhanced limits for all one-parametric sub-families M˜.
Using one u is sufficient in this approach (another general fact).
Proposition 2.1. Let M′ be the enhanced limit M˜0 of a u–family M˜
of modules invertible over C((u)), where we assume that 0 ∈ ∆M˜ as
above. Setting M˜0 ⊂ (zd
′
) = Ozd
′
for the maximal such d′, one has
that d′ ≥ d for the number of added gaps for the standard module M
corresponding to M′ and d′ = d for sufficiently general such M˜.
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Proof. For generic M˜, the limit M˜0 is of degree 0 relative to R ∈ O;
we use that JR is a closed subvariety in Gr(O/z2δO, δ). Therefore
z−dM′ is standard for d = |DM| and d′ ≥ d for any (non-generic) M˜.

Two examples of enhanced limits. To illustrate Proposition 2.1, let
us consider R= 〈z4, z6 + z9, z7〉 with Γ= {0, 4, 6, 7, 8, 10, 11, · · ·}, G=
[1, 2, 3, 5, 9], δ = |G| = 5, and the conductor c = 10. We take the
following family of modules invertible over C((u)):
M˜ = R[[u, z]](u4 + u(z + z3) + u3z2) + C[[u, z]]z10,
which is an invertible R–module over C((u)) (but not over C[[u]] due to
u4). Then its enhanced limit M˜0 is a module with the corresponding set
of added gaps D = [2, 3, 5, 9], so d = |D| = 4. However it is contained
in (z5), which is smaller than (z4) guaranteed by the proposition.
Taking here M˜ = R[[u, z]](u(1 + z5) + z9) + C[[u, z]]z10, the limit
M˜0 has the same D = [2, 3, 5, 9]. Now it strictly belongs to (z4), so
this is the case of a general position for such D.
The cardinalities of the D–sets will be associated below with the
parameter q. If JR[D] are all affine spaces, their dimensions give the
powers of t. The third parameter a of our construction will be due to
the flag-length of the flagged Jacobian factors defined as follows.
2.3. Flagged Jacobian factors.
Definition 2.2. For a D-set D and the sequence ~g = {gi, 1 ≤ i ≤ m}
in G \D such that gi < gi+1, the D–flag is
D={D0=D,D1=D∪g1, D2=D∪{g1, g2}, . . . , Dm=D∪{g1, . . . , gm}},
provided that all ∆i = Γ ∪ Di are standard Γ–modules. Then the
corresponding flagged Jacobian factor JmR is defined as the union of the
following varieties of flags of standard submodules M⊂ O:
JmR [D]
def
==
{
M =
{
M0⊂M1⊂· · ·⊂Mm
}
where Di = DMi
}
(2.3)
for all 0 ≤ i ≤ m; we will sometimes omit m here. If at least one such
flag M exists we call the corresponding D and {∆i} admissible.
Considering D–flags D of length m, we set JmR [d > δ] = ∅,
JmR [d]
def
==
⋃
D,|D0|=d
JmR [D] ⊂ J
m
R , J
m
R[d] =
⋃
d′≥d
JmR [d
′],(2.4)
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where d = 0, 1, . . . , δ. For m = 1, the D–flag D is obtained from D by
adding one gap g and we use the notation J1R[D, g]. When m = 0, we
put JR[D], which are from [Pi]. 
Let us begin with some general properties of flags M . We note that
our usage of Nakayama’s Lemma in Proposition 2.3 below is actually
similar to that in [ORS], Section 2.1.
For an arbitrary module M, we set M(i) = M ∩ ziO, which is
obviously an R–module, and M¯ = M/mM for the maximal ideal
m ⊂ R. Accordingly, M¯(i) is the image of M(i) in M¯. Obviously,
{dimM(g)/M(g+1) = 1⇔ g ∈ ∆M} , and dimM¯(g)/M¯(g+1) ≤ 1.
Proposition 2.3. (i) For a D–flag D =
{
D0 ⊂ D1 = D0 ∪ {g1} ⊂
· · · ⊂ Dm =D0 ∪ {g1, . . . , gm}
}
from Definition 2.2, all D0 ∪ {gi} for
1≤ i≤m are D–sets. Let M = {Mi} be a flag of (standard) modules
corresponding to a D–flag (admissible). Picking an arbitrary mi ∈ Mi
such that υ(mi) = gi, the space M0 ⊕ Cmi is an R–module.
Then for 1 ≤ i ≤ m, Mi = M0 ⊕ Cm1 ⊕ . . . ⊕ Cmi, mMm ⊂ M0
and dimM¯(gi)/M¯(gi+1) = 1. The elements mi modulo M0 are uniquely
determined up to proportionality, i.e. depend only on the flag M .
(ii) Vice versa, for the D–flag D as above, let us assume the existence
of a module Mtop such that D[Mtop] = Dm and dimM¯
(gi)
top /M¯
(gi+1)
top =1
for all i. We do not impose the admissibility of the whole D. Then
Mm =Mtop can be extended to a flag M corresponding to D (so it is
admissible) and all such flags can be described as follows.
(a) For any subspace M¯0 ⊂ M¯top such that dimM¯top/M¯0 = m,
dim (M¯0+M¯
(gi)
top )/(M¯0+M¯
(gi+1)
top ) = 1 for 1 ≤ i ≤ m, M¯0 6⊂ M¯
(1)
top, let
mMtop ⊂M0 ⊂Mtop be a unique lift of M¯0 (the Nakayama Lemma).
(b) Then for any pullbacks m¯i of the generators of the latter quotients
to (M¯0 + M¯
(gi)
top )/M¯0, we take M = {Mi}, where Mi is a similar lift
of the space M¯i = M¯0⊕Cm¯1⊕ . . .⊕Cm¯i to an R–submodule of Mtop
containing mMtop. These imply that D[M0] = D0, Mi=m =Mtop.
(iii) Continuing (ii), all flags M in (i) are uniquely described by
the following data: (α) the space M¯0 ⊂ M¯top as above, (β) the set
of elements m¯i ∈ (M¯0 + M¯
(gi)
top )/M¯0 considered up to proportionality.
I.e. for a fixed Mtop and M¯0 as in (ii), such flags of modules are
naturally parametrized by unipotent complex matrices of size m × m,
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which is due to the action of the Borel subgroup preserving the full flag
{(M¯0 + M¯
(gi)
top )/M¯0} in M¯top/M¯0.
Proof. Part (iii) formally follows from (i, ii), including the equiva-
lence of the admissibility of a D–flag D and the existence of the pair
{M0,Mm} for D0, Dm such that mMm ⊂ M0 ⊂ Mm. Let us justify
(i, ii). Below {gi} means a single element gi considered as a set.
First of all, D0 ∪ {gi} correspond to certain Γ–modules for any 1 ≤
i ≤ m. Indeed, adding gi to Di−1 cannot add anything new to Di
(since the corresponding ∆i is assumed a Γ–module). The same holds
for D0∪{gi}, since extra elements in the minimal Γ–module containing
the latter can be only greater than gi, i.e. can be only in Di \Di−1
This reasoning is equally applicable to the flags M for admissible D.
We claim thatD0∪{gi} is admissible for each gi. Indeed, addingRmi ⊂
Mi to M0 for an element mi with the valuation υ(mi) = gi cannot
create any new valuations vs. ∆0 but gi, since this does not create
them when going fromMi−1 toMi. Thus M0+Rmi =M0 +Cmi is
an R–module corresponding to D0 ∪ {gi}.
Next, ψmi must belong to M0 for any ψ ∈ m. We use that for any
N > 0 there exists an element m′ ∈ M0 such that υ(ψmi −m′) > N ;
thus this difference can be assumed in M0.
Similarly, Mi is the linear span ofMi−1 and mi for the elements mi
introduced above, since for every m ∈ Mi, there exists m′ ∈ Mi−1 +
Rmi such that υ(m − m′) is greater than any given number. Thus
m−m′ can be assumed in Mi−1. We obtain that adding the elements
{mi, 1 ≤ i ≤ j} to M0 generates Mj . Combining this claim for j = m
with mmi ∈M0 checked above, we conclude that mMm ⊂M0.
Part (ii) uses the same arguments and the Nakayama Lemma. We
lift m¯i to arbitrary elements in M
(gi)
top . The corresponding R–modules
does not depend on such choices. Note that the condition M¯m = M¯top
provides that all Mi are standard (∆i ∋ 0). We need only to check
that these modules have the required D–sets, which results from the
following lemma by induction with respect to the length m of M .
Lemma 2.4. For a pair of modules M′ ⊂ M, where M′ is not nec-
essarily under the standard normalization, let g ∈ D[M], mM ⊂M′,
dim (M¯′+M¯(g))/(M¯′+M¯(g+1)) = 1 and M¯ = M¯′⊕Cm¯ for a pullback
m¯ of the generator of the latter quotient. Then we claim that M′ is a
standard module and D[M′] = D[M] \ {g}.
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Proof. The moduleM is linearly generated byM′ and any lift of m¯
to M (the Nakayama Lemma). Since dim (M¯′+M¯(g))/(M¯′+M¯(g+1))
is 1, the gap g cannot be among the valuations of M′ and this is the
only missing gap there vs. M, which gives the required. 
Part (iii) follows from (ii). The inequalities dimM¯(gi)top /M¯
(gi+1)
top > 0
are obviously necessary and sufficient to ensure the existence of the
required M¯0. The rest is a combination of (i) and (ii). 
Thus given a D–flag D as in (i), and Mtop such that D[Mtop] =
Dm = D0 ∪ {g1, . . . , gm}, the inequalities dimM¯
(gi)
top /M¯
(gi+1)
top = 1 are
equivalent to the admissibility of D. We note that in all examples we
calculated, the admissibility of a D–flag is equivalent to that of every
Di. We cannot justify this in general.
This proposition is of independent interest and can be used to count
the dimensions of JR[D] and to check (in some cases) that the latter
are biregular to affine spaces.
We note that there is a natural (biregular) action of the algebraic
group JR[∅] = {L} in JR. Without going into details, Theorem 1
from [Pi], can be extended to flagged Jacobian factors as follows. If
the GIT quotient JmR [D]/JR[∅] is biregular to an affine space and with
the stabilizers of points in JmR [D] of the same dimension, then the latter
space is biregular to some AN . This is not always the case (see online
version of this paper), but it is not impossible that JmR [d] can be always
paved by affine spaces.
2.4. The Main Conjecture. The flagged Jacobian factor JmR has a
natural structure of a projective variety. Accordingly, JmR [D] and J
m
R[d]
are its subvarieties; the latter is closed. Proposition 2.3 gives that
JmR is a certain subvariety in a proper parahoric Springer fibers in
the terminology from Section 2.2.9 from [Yun2]. They are formed by
partial periodic flags of R–invariant lattices. We do not use them in
the present work. By Hi, we will mean singular (relative) homology
with the C–coefficients.
Conjecture 2.5. Let R be the ring of a unibranch plane curve sin-
gularity C~r,~s from Section 1.3, H~r,~s (; q, t, a) be the DAHA uncolored
superpolynomial from (1.19). Recall that δ = |GR| is the arithmetic
genus of R; we assume that r1 > s1.
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(i) We conjecture that the relative homology H2i+1(J
m
R[d], J
m
R[d+1])
vanishes for all i, d ≥ 0 and
H~r,~s (; q, t, a) =
∑
d,i,m
rk
(
H2i(J
m
R[d], J
m
R[d+1])
)
qd+mtδ−iam,(2.5)
where 0 ≤ d, i ≤ δ and the range of m is from 0 to s1r2 · · · rℓ−1, which
is the number of (admissible)D such that dim(JR[D]) = δ−1. The right-
hand side of (2.5) will be called Hhom(q, t, a). Also, we conjecture that
JmR [d] are paved by affine spaces.
(ii) If all varieties JmR [D] are affine spaces A
i then their total number
for any fixed i, d gives the corresponding rank rk(H2i) from (2.5) and
this relation reads:
H~r,~s (; q, t, a) =
∑
D
qd+m tδ−dim(J
m
R
[D])am,(2.6)
where the summation is over all admissible D–flags D, d= |D0|. Here
the cells JmR [D] contribute to H2i(J
m
R[d])⊂H2i(J
m
R ) for i=dim(J
m
R [D]),
and then to H2i(J
m
R[d], J
m
R[d+1]). Formula (2.6) can be readily extended
to any affine cell decompositions of JmR [d] (not only those via J
m
R [D]).
(iii) Let 1/t = pℓ for prime p and ℓ ∈ N, F = F1/t the field with pℓ
elements, |X(F)| the number of F–points of a scheme X defined over
F. One can assume that R is defined over Z and consider JmR [d] as
schemes over F. We conjecture that apart from finitely many p,
H~r,~s (; q, t, a) = t
δ
∑
d,m
|JmR [d](F)|q
d+mam
def
== Hmod(q, t, a).(2.7)
If JmR [d] are (a) paved by affine spaces over F, and (b) (non)admissible
D remain such over this field, then (2.7) is equivalent to (2.5). 
Relative homology. Vanishing H2i+1(J
m
R[d], J
m
R[d+1]) generalizes the
van Straten-Warmt conjecture , which claims that odd Betti numbers
of JR vanish. This assumption and the exact sequences for relative
(singular) homology imply that the natural maps H2i+1(J
m
R[d+1]) →
H2i+1(J
m
R[d]) are surjective, which readily gives that H2i+1(J
m
R[d]) =
{0} for any i, d. Using this, the following sequence is exact:
0→H2i(J
m
R[d+1])→H2i(J
m
R[d])→H2i(J
m
R[d], J
m
R[d+1])→0.(2.8)
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As an application, (2.5) upon the substitution q = 1 becomes:
H~r,~s (; q = 1, t, a) =
∑
i,m
rkH2i(J
m
R )t
δ−iam,
where the special case a = 0 is Conjecture 2.4, (iii) from [ChD1]. We
note thatH2i(J
m
R[d], J
m
R[d+1]) are potentially connected with compactly
supported cohomology H2kc (J
m
R [d]) for k=j or k+j=dim J
m
R [d], though
Poincare` duality fails for singular varieties. Compare with (5.2).
Motivic approach. Relation (2.7) readily follows from Part (ii). We
think that it can generally hold. In examples, it suffices to take any
pℓ = 1/t such that Γ remains the same over F1/t, but we do not know
how far this goes. Say, (2.7) holds for R = F2[[z4+z5, z6]] under a = 0,
but not for F3, which changes Γ. Though R = F3[[z4, z6 + z7]] is fine
and we note that ν(F2[[z
4 + z5, z6]]) = ν(F3[[z
4, z6 + z7]]). These rings
over C correspond to coinciding DAHA-superpolynomials. See (5.2)
for a reformulation of (2.7) in terms of the weight filtration.
When a = 0, q = 1, Part (iii) is closely related to Theorems 0.1,0.2
from [GKM] in the case of An for affine Springer fibers. The latter are
not always paved by affine spaces for other types [KL]. The An–case
is exceptional; the positivity of the orbital integrals and vanishing odd
rational homology are widely expected to hold for anisotropic central-
izers (i.e. in the nil-elliptic case). This matches well the conjectured
positivity of uncolored DAHA superpolynomials.
Knowing the spectral curve is sufficient here. However, it is far
from obvious beyond the torus case (quasi-homogeneous plane curve
singularities) that only the topological type of the singularity matters
here. This follows from of our conjecture. The analytic equivalence of
plane curve singularities is generally very different from the topological
perspective. See [La, Ch4] and Section 5.3 for the identification of affine
Springer fibers of anisotropic type with the compactified Jacobian of
rational curves such that R is the local ring at its unique singular
point.
In full generality, with the nonzero parameters q and a in (2.7), we
count points in JmR [d](F) with q–weights q
|Dm|, where |D|=δ−degOM
for the corresponding standard M. This seems a new turn in the theory
of affine Springer fibers and related p–adic orbital integrals. Possible
(expected) adding colors and the multi-branch generalization of our
construction make this even more interesting. Generally, we think that
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using the powerful modern theory of topological invariants of plane
curve singularities can be expected to impact the theory of orbital
integrals (at least in type A) and related part of the Fundamental
Lemma; see Sections 5.3,5.4 for further discussion.
The case R = 〈z4, z6 + z7〉. We will stick to admissible pairs {M =
M0 ⊂ M1}, where D1 = D0 ∪ {g1} (corresponding to the coefficient
of a1 in the Main Conjecture). Recall that Di = ∆i ∩G, G = Z+ \ Γ.
Using directly the definition of JR[D0 ⊂D1] = J1R[D0, g1], we obtain
the following lemma.
Lemma 2.6. Provided the admissibility of the Γ–modules D0 and D1 =
D0 ∪ {g1} for g1 6∈ Γ ∪D0, one has:
dimJR[D0⊂D1] ≤ dimJR[D1] + | {g ∈ ∆0 | g < g1} | ,(2.9)
dimJR[D0⊂D1] = dimJR[D1] + 1 if g1 < g, ∀g∈D0,
dimJR[D0⊂D1] = dimJR[D0] if {g∈G | g>g1}⊂D0.(2.10)
In the case of R = 〈z4, z6 + z7〉, the pairs {D0, g1} that are not
included in the latter two formulas are all governed by the first one
where “≤” is replaced by “=” there. Thus these formulas provide all
dimensions of the varieties of admissible pairs D0⊂D1. Using this for
such R, one obtains the formula∑
D0⊂D1
q|D0|+1 tδ−dim(J
m
R
[D0⊂D1]) = q + q2
(
1 + t
)
+ q3
(
1 + 2t+ t2
)
+q4
(
3t+ 2t2 + t3
)
+ q5
(
t + 4t2 + 2t3 + t4
)
+ q6
(
t2 + 4t3 + 2t4 + t5
)
+q7
(
t3 + 3t4 + 2t5 + t6
)
+ q8
(
t5 + t6 + t7
)
,
which matches the coefficient of a1 of the uncolored DAHA superpoly-
nomial for R = 〈z4, z6 + z7〉 from [ChD1].
Proof. To justify the first inequality, we begin with any parametric
family of modulesM0 corresponding to D0, assuming that they can be
extended toMg1 by adding certainmg1 with υ(mg1) = g1 and that they
are different (as submodules of O) for different values of parameters.
The dimension of the resulting family of modules M1 is no greater
than dimJR[D1]. Given M1 ∋ mg1 , its different submodules M0 can
be only obtained by adding the terms from Cmg1 to the generators
mg ∈ M0 with υ(mg) = g, where g ∈ D0 such that g < g1. This gives
the required inequality.
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If g1 < D0, then only m0 = 1+z(·) can be altered by Cmg1 and there
is a one-dimensional family of (pairwise distinct) such submodules M0
inside fixed M1, which gives the second formula in (2.9). Here we
use that the relations for the coefficients of the generators m ∈ M
necessary for the equality DM = D allow such a deformation.
Generally, if there several such mg (not just g = 0) with g before g1,
then it is not true that the increase of dimension forD[M0] will coincide
with the number of such g. It really occurs with 5 such admissible pairs
{D0, D1} for R = 〈z4, z6 + z13〉:
D0 = [2, 9, 15], D1 = [2, 9, 11, 15], dim0 = 7, dim1 = 6;(2.11)
D0 = [2, 7, 11, 15], D1 = [2, 7, 9, 11, 15], dim0 = 6, dim1 = 5;
D0 = [2, 9, 11, 15], D1 = [2, 7, 9, 11, 15], dim0 = 6, dim1 = 5;
[2, 3, 7, 9, 11, 15], [2, 3, 5, 7, 9, 11, 15], dim0 = 6, dim1 = 5;
[1, 2, 5, 7, 9, 11, 15], [1, 2, 3, 5, 7, 9, 11, 15], dim0 = 3, dim1 = 0,
where dimi = dim(JR[Di]). However in all these cases, dim(JR[D0 ⊂
D1]) coincides with dim0, which is (2.9) with strict equality there.
Finally, formula (2.10) holds because adding any element mg1 ∈ O
with such a valuation g1 toM0 results in the requiredM1 in this case.
All cases from (2.11) are of the latter type. Thus any admissible pair
for R = 〈z4, z6 + z7〉 satisfies either (2.9) with the equality there or
(2.10). Then one can use the formulas for dimJm=0R [D] from [Pi].
3. The family C[[z4, z2u + zv]]
3.1. Dimensions of JmR [D]. It is shown in [Pi] that the varieties JR[D]
are isomorphic to affine spaces for the family R = C[[z4, z2u + zv]],
where (uv, 2) = 1, v > 2u and their dimensions are computed. We will
generalize these claims to admissible D–flags and the corresponding
varieties JmR [D].
To write our formula for the dimensions we will need a few defini-
tions. Let
µD,g
def
== dim
(
J1R[D, g]
)
− dim (JR[D])
be the dimension change. Also, we write
γ∆(ℓ)
def
== |[ℓ,∞) \∆|
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for the gap counting function. Recall that D = ∆ \ Γ is called a D–set
corresponding to a standard Γ–module ∆ (i.e. 0 ∈ ∆).
Theorem 3.1. Let R = C[[z4, z2u + zv]], where (uv, 2) = 1, v > 2u,
and D be an admissible D-flag (with Di corresponding to admissible
∆i). Then J
m
R [D] (with the notation as above) is isomorphic to an
affine space AN with
N = dim (JR[D0]) +
m−1∑
i=0
µDi,gi+1, where:
µD,g =

γ∆∪{g}(g)− γ∆∪{g}(g + 4) for g ≡ 1 or 3 mod 4,
γ∆∪{g}(g)− γ∆∪{g}(g + 4)
−(γ∆∪{g}(g+n)−γ∆∪{g}(g+4+n))
for g ≡ 2 mod 4,
n = n(D) is the smallest odd number in (∆ ∪ v) ∩ [2u,∞). Here
D = Di, g = gi+1 or D is any admissible D–set such that D ∪ {g} is
admissible.
3.2. Basic Definitions. Before we proceed with the proof, we will
briefly summarize and adjust the approach taken in [Pi] to prove that
the JR[D] are affine; our argument relies heavily on his method. Let
∆ be a Γ–module and begin by choosing a0, a1, a2 and a3 such that
ai = min{k ∈ ∆ | k ≡ i mod 4}. Consider the following elements in
O:
m0 = 1 +
∑
k∈N\∆
λ0kz
k, m1 = z
a1 +
∑
k∈[a1,∞)\∆
λ1k−a1z
k,(3.1)
m2 = z
a2 +
∑
k∈[a2,∞)\∆
λ2k−a2z
k, m3 = z
a3 +
∑
k∈[a3,∞)\∆
λ3k−a3z
k,
where the λ–coefficients are treated as variables. The valuation Γ-
module of the moduleM generated by {mi} will then contain ∆, since
any element of ∆ has the form ai + 4n for some n ∈ N and because
z4 ∈ R. Thus {ai} form a basis for υ(M) in a natural sense.
An important component of Piontkowski’s method is the observation
that υ(M) = ∆ if and only if the relations among the elements mi do
not produce elements with valuation not in ∆. Thus the syzygies of the
set {mi} as well as the syzygies of the set of their leading terms are of
importance. Lemma 11 of [Pi] uses this basic idea to give an equivalent
condition for υ(M) = ∆; it will be provided. We need the notion
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of initial vector, which is also from [Pi], to state the aforementioned
lemma:
Definition 3.2. For ~r = (r0, . . . , r3) ∈ R
4, let σ = min{υ(rj) + aj}.
The initial vector in(~r) is as follows: in(~r) = (ζj) with ζj equal to the
monomial of lowest degree in rj if υ(rj) + aj = σ and 0 otherwise.
Lemma 3.3. LetM be an R-module generated by {m0, m1, m2, m3}, V
an R–submodule in ⊕3j=0R such that the initial vectors {in(~r) | ~r ∈ V }
of V linearly generate the syzygies of the set (zaj ) of C[∆]. Here C[∆]
is the vector space generated by the elements {zk} for k ∈ ∆. We use
σ = min{υ(rjmj)} = min{υ(rj) + aj} from Definition 3.2.
Then υ(M) = ∆ if and only if for each ~r = (rj) ∈ V the initial terms
in
∑3
j=0 rjmj cancel, i.e., υ(
∑3
j=0 rjmj) > σ and for every j, there
exists pj ∈ R such that υ(pjmj) > σ and
∑3
j=0 rjmj =
∑3
j=0 pjmj.
If such pj exist, then the element
∑3
j=0 pjmj ∈ M is called a higher
order expression for
∑3
j=0 rjmj ∈ M, which is generally not uniquely
determined by the latter element. 
We will need the following reduction procedure from [Pi] for series
y ∈ O. Let y0 = y. Then define inductively, yi+1 = yi if i 6∈ ∆ and
we also set si = 0 in this case. If i ∈ ∆, then find the monomial, ciz
i,
with power i in yi and the element si ∈ R such that simji = ciz
i + ...
for one of the generators mji (it can be non-unique). Then we let
yi+1 = yi − simji. The sequence of elements yi ∈ O converges to an
element y∞, which has the form
∑
k∈N\∆ dkz
k for some coefficients dk.
The key facts from [Pi] about the reduction procedure are that (a)
y∞ = 0 if and only if y ∈M and (b) if y∞ = 0 then
∑
simji is a higher
order expression for y.
Definition 3.4. For any element y ∈ O, y† will be the result of the
reduction procedure applied to y. One has: ((y)†)† = y†.
The reduction procedure depends on the choices above. We can
standardize the procedure by always taking the elements si involved
to be of the form (z4)k for some non-negative integers k, which then
makes the reduction procedure unique. To see that picking such si is
possible, observe that when eliminating ciz
i for i ∈ ∆, we can choose
a unique generator mj such that aj ≡ i mod 4. We will call such a
procedure standard, and we will always assume such a standardization
in what will follow.
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One has x† = x+f for some f ∈M. If for two elements x, y ∈ O, we
know that x† = x+f1 and y
† = y+f2, then the standard reduced form
(x+y)† of x+y is x+y+f1+f2. Generally, if (x+y)
† = x+y+f ; the
uniqueness guarantees f = f1+f2, and we obtain that x
†+y† = (x+y)†
for the standardization we will always impose. Thus † is a C-linear
projection.
Piontkowski proves that JR[D] are affine by using the previous lemma
and the reduction procedure. In 3.3, it is sufficient to consider the de-
grees of syzygies of (zaj ) less than max{aj : j = 0, ..., 3} − 3 and there
are only finitely many of such syzygies. Thus it is sufficient to check
that only finitely many linear combinations of the {mi} prescribed by
the syzygies have higher order expressions to ensure that ∆ = υ(M).
To obtain the higher order expressions of these elements the reduction
procedure is used and the resulting elements of O must vanish since
these elements are in M. The coefficients of the higher order expres-
sions are polynomials in terms of the coefficients of {mi}, which have
the form
λjk − λ
i
k + polynomial in λ
∗
ℓ , ℓ < k.
These expressions must vanish due to the properties of the reduction
procedure. Since they vanish and are linear in the parameters λjk, λ
i
k
we can express λjk in terms of λ
∗
ℓ for ℓ < k and λ
i
k.
Applying the same process to λ∗ℓ such that ℓ < k, we can eventually
show that JR[D] is a graph of a regular function on an affine space
An. Since the graph of a regular function is always isomorphic to the
domain of the function, we have that JR[D] ∼= An. We will use a similar
technique to prove Theorem 3.1.
3.3. The cells Jm
R
[D] are affine. Let D be an admissible D-flag with
~g = {gi, 1 ≤ i ≤ m}. Define E to be the admissible D-flag of length
m − 1 such that E0 = D0 and Ej = D0 ∪ {gi, 1 ≤ i ≤ j} where
1 ≤ j ≤ m− 1, i.e. E is a truncation of D.
Let M be an element of Jm−1R [E ] and define
hgm = z
gm +
∑
k∈[gm,∞)\∆m
λ
hgm
k−gm
zk.
We can extend M to an element of JmR [D] by adjoining the module
Mm = Mm−1 ⊕ Rhgm to the end of M (of course there are restric-
tions on the λ coefficients which are addressed below). The other way
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around, every element of JmR [D] can be obtained by this procedure from
flags of length m− 1.
To ensure that υ(Mm) = ∆m and that Mm−1 ⊂ Mm we need to
use Lemma 3.3 above and Lemma 3.5 below. The hypotheses for these
lemmas only concern Mm−1 and gm. For this reason, we can reduce
the argument to the case of m = 1.
From now on we set D = D0, so it corresponds to an admissible
Γ-module ∆ = ∆0. Accordingly, set g = g1 and D1 = D ∪ {g} where
D1 will be assumed admissible. Also, we let ∆
′ = ∆ ∪ {g}.
Recall that we let the module generated by the {mi} as in (3.1) be
denoted M. Then we consider adding
h
def
== zg +
∑
k∈[g,∞)\∆
λhk−gz
k
to the set of generators {mi} and set M′ = 〈M, h〉. Note that h will
replace mℓ where g ≡ ℓ mod 4.
The modules M and M′ must satisfy υ(M) = ∆ and υ(M′) = ∆′.
By (3.3), this holds for M if and only if the following elements have
higher order expressions:
T 1
def
== (z2u + zv)m0 − z
4α2m2, T
2 def== z4(u−α2)m0 − (z
2u + zv)m2,
T 3
def
==
(
z2u+v + 1
2
z2v
)
m0 − z
4α1mj,(3.2)
where αi is the unique integer such that ai = βi(2u+ v) + γi(2u)− 4αi
for βi, γi ∈ {0, 1} and j ≡ 2u + v mod 4. To obtain the higher order
expressions, the reduction procedure is applied to T i. As a result of
the reduction procedure polynomial relations among the λ variables
are obtained (as discussed before the beginning of the proof). For M′
we use a similar approach. When we consider the syzygies (3.2) in the
context ofM′ we will denote the resulting T by (T i)′. See pages 14-17
of [Pi] concerning the existence of the higher order expressions.
Given a module M with υ(M) = ∆, not every module N with
υ(N ) = ∆′ is its extension. In order to understand when M⊂ N , let
F
def
== mi − (z
4)h ∈ N ,
where i ≡ g mod 4. Note that υ(F ) > ai, which gives a new type of
syzygy (not from [Pi]); there is one such syzygy for each pairM⊂ N .
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Let us take i such that g ≡ i mod4. Then replacing ai with g results
in a basis for ∆′; let us check this. If there were ℓ such that ℓ ≡ ai
mod 4, g < ℓ < ai and ℓ 6∈ ∆, then the presence of g in ∆
′ implies that
ℓ ∈ ∆′ since ∆′ is a Γ-module. This contradicts to ∆′ = ∆∪{g}. Thus
g + 4 = ai, which gives the required.
The following lemma provides necessary and sufficient conditions
for M ⊂ N when υ(N ) = ∆′ and υ(M) = ∆. It is important to
distinguish performing the reduction procedure with respect to M or
N and we will use †1 to denote reduction with respect to the generators
(3.1) of M and †2 for reduction with respect to (3.1) except with the
changes necessary for N .
Lemma 3.5. Suppose M and N are standard R-modules in O such
that υ(M) = ∆ and υ(N ) = ∆ ∪ {g}. Furthermore, suppose that N
contains the generators mj of M from (3.1) satisfying g 6≡ j mod 4.
Then M⊂ N if and only if F †2 = 0
Proof. Since g ∈ υ(N ) we see that h ∈ N for some choice of values
for the variables λhk and that h is a normalized generator ofN . For some
i, g ≡ ai mod 4 (i.e. g replaces ai in the basis for υ(M)). Observe
that M ⊂ N if and only if mi ∈ N which will happen if and only if
(mi)
†2 = 0. F is the first step in the reduction of mi and so (mi)
†2 = 0
if and only if F †2 = 0. 
Let us now return to considering M ⊂ M′ with υ(M) = ∆ and
υ(M′) = ∆′. We only need to consider the equations resulting from
F †2 since the equations resulting from υ(M) = ∆ and υ(M′) = ∆′ are
already solved for in [Pi]. We may write F †2 =
∑∞
k=1 c˜kz
ai+k. Recall
that the only powers of z present in F †2 are those greater than ai that
are not in ∆. By (3.5), we have F †2 = 0, which implies c˜k = 0. Similar
to the analysis of (T j)†1 from the discussion before the proof, the c˜k
are in the form
c˜k = λ
i
k − λ
h
k + (a polynomial in terms of λ
•
p for p < k).
For a given k, we can then express λhk in terms of λ
•
p for p < k. This
gives that J1R[D, g] is an affine space because it is a graph of a regular
function on an affine space. Since the γ∆′(g + 4) equations c˜k = 0 are
solvable, we see that µD,g ≤ γ∆′(g)−γ∆′(g+4). The exact value of µD,g
depends on the congruence class of g modulo 4. We will now obtain
the formulas for the dimensions.
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3.4. Calculating dimensions. We are going now to justify the di-
mension formulas in Theorem 3.1. Recall that our approach extends
the formulas and techniques used in [Pi] to the case of flags of modules.
First assume g is odd. Since 2u+ v is odd, it is either congruent to 1
or 3 mod 4. If g 6≡ 2u+ v mod 4, then T i = (T i)′ for all i and hence
we do not need to impose any further relations on the coefficients. Thus
µD,g = γ∆′(g)− γ∆′(g + 4) in this case.
When g ≡ 2u + v mod 4, we have (T 3)′ = z2u+vg0 − z4αhh and
T i = (T i)′ for i 6= 3. At the bottoms of page 15 and 16 of [Pi] it is
shown that a higher order expression exists for T 3 when the smallest
odd number n ∈ ∆∩ [2u,∞) is less than or equal to v. When n > v it
is also shown that we can use the higher order expressions of T 1 and T 2
to obtain a higher order expression for T 3 (without imposing any new
relations among the λ–parameters). Hence µD,g = γ∆′(g)− γ∆′(g+4).
This finishes the proof when g ≡ 1 or 3 mod 4.
In the last case, g ≡ 2 mod 4 implies that
(T 1)′ = (z2u + zv)m0 − z
4αhh,
(T 2)′ = z4(u−αh)m0 − (z
2u + zv)h,
(3.3)
and T 3 = (T 3)′. Following [Pi], γ∆′(2u) equations for the λ’s result
from the coefficients of ((T 1)′)†2 and γ∆′(g+n) distinct equations result
from the coefficients of ((T 2)′)†2 . We claim that the γ∆′(2u) equations
from ((T 1)′)†2 are equal to those from (T 1)†1 and all of the γ∆′(a2 + n)
equations from (T 2)†1 can be obtained from the coefficients of ((T 2)′)†2.
To prove this we introduce the following definition and lemma.
Let P be any power series in z whose coefficients are polynomials in
the λ variables. We let I(P ) be the ideal generated by the coefficients
of P in the polynomial ring over the λ variables. We have the following
basic result concerning I and †2.
Lemma 3.6. I((rP )†2) ⊂ I(P †2) where r is a polynomial in R.
Proof. Since †2 is linear it is sufficient to prove the lemma when r is
a monomial. The reduction procedure for rP is exactly the same as for
P until the first k such that k 6∈ ∆ ∋ k + υ(r). Beyond this range, a
multiple of the coefficient of zk in P †2 may be added to the remaining
coefficients of (rP )†2. Because of such k, all coefficients of (rP )†2 will
be coefficients of P †2 plus some multiples of the previous coefficients of
P †2 . Thus we have I[(rP )†2 ] ⊂ I[P †2]. 
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On page 14 of [Pi] we see that the valuations of T 1, T 2, (T 1)′ and
(T 2)′ are greater than 2u and therefore greater than g. Let us use this.
Lemma 3.7. If M⊂M′, then (T 1)†1 =(T 1)†2 and (T 2)†1=(T 2)†2.
Proof. Observe that (T 1)†1 − (T 1)†2 = r0m0 + r1m1 + r2F + r3m3
where the ri ∈ R. When we apply †2 to the left hand side we get
((T 1)†1 − (T 1)†2)†2 = (T 1)†1 − (T 1)†2
since (T 1)†1 has valuations greater than g which implies the left hand
side is an eigenvector of †2. Applying †2 to the right hand side we have
(r0m0 + r1m1 + r2F + r3m3)
†2 = (r2F )
†2
since m0, m1, m3 are in M′. Hence we have
(T 1)†1 − (T 1)†2 = (r2F )
†2 .
Note that r2 may be a power series but only a truncation of it deter-
mines (r2F )
†2 because terms with valuation greater than the conductor
will all eventually be eliminated. Therefore by Lemma 3.6 we have
I((r2F )
†2) ⊂ I(F †2). Now, M⊂M′ which means F †2 = 0 by Lemma
3.5 and so we have (r2F )
†2 = 0. The proof for T 2 is identical because
T 2 has valuation greater than 2u. 
Now we prove that (T 1)†1 = ((T 1)′)†2 when M ⊂ M′. Notice that
T 1 − (T 1)′ = −z4α2F , where α2, αh are defined in (3.2), (3.3) respec-
tively and we have used that αh = α2 + 1. Thus
(T 1)†2 − ((T 1)′)†2 = (−z4α2F )†2.
By Lemmas 3.5 and 3.6 we have (−z4α2F )†2 = 0 so by the previous
Lemma 3.7 we have (T 1)†1 = ((T 1)′)†2 .
To prove the equations from (T 2)†1 are redundant we first observe
that T 2 − z4(T 2)′ = −(z2u + zv)F . This implies that
(T 2)†2 − (z4(T 2)′)†2 = (−(z2u + zv)F )†2 .
Again, by Lemmas 3.5 and 3.6 we see that (−(z2u + zv)F )†2 = 0.
By Lemma 3.7, we have (T 2)†2 = (T 2)†1 which means (z4(T 2)′)†2 =
(T 2)†1 . Finally, I(((z4(T 2)′)†2) ⊂ I(((T 2)′)†2) by Lemma 3.6 which
readily implies that the equations from (T 2)†1 are redundant.
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Thus we have shown that the γ∆′(2u) + γ∆′(a2 + n) equations from
(T 1)†1 and (T 2)†1 are actually redundant. So, as required:
µD,g=γ∆′(g)−γ∆′(a2)−γ∆′(2u)−γ∆′(g+n)+γ∆′(2u)+γ∆′(a2+n)
= γ∆′(g)− γ∆′(a2)− (γ∆′(g+n)− γ∆′(a2+n))
= γ∆∪{g}(g)− γ∆∪{g}(g+4)− (γ∆∪{g}(g+n)− γ∆∪{g}(g+4+n)).
4. Numerical support
We provide here dimensions of cells for some basic examples and
the corresponding non-admissible D–flags D. It is important to know
whether these dimensions, non-admissible D and admissible ones with
non-affine Jmr [D] are topological properties of the singularity. We found
no counterexamples, but formally this can be wrong even if our Main
Conjecture holds. Zariski proved in Chapter IV, Section 3 of [Za] that
Γ = 〈4, 6, 13 + 2v〉 for v ≥ 0 uniquely determines the corresponding
analytic singularity (i.e. that each equisingularity class is one point),
but generally such questions can be (very) involved. Also, these exam-
ples seem absolutely necessary for (restarting) the theory of Jacobian
factors beyond torus knots, which is of obvious importance for topology
and geometry of plane curve singularities and for orbital integrals.
4.1. Two simplest cables. We begin with formula (2.6) for the knots
Cab(13, 2)T (3, 2) and Cab(15, 2)T (3, 2). Here one can use the general
Theorem 3.1 or the special Lemma 2.6. The latter can be extended to
any m for these two cases (with minor adjustments).
Recall that R= 〈z4, z6+z7〉,Γ= 〈4, 6, 13〉 and R= 〈z4, z6+z9〉,Γ=
〈4, 6, 15〉 in these cases. The first DAHA superpolynomial is as follows:
~r = {3, 2}, ~s = {2, 1}, T = Cab(13, 2)T (3, 2); H~r,~s ( ; q, t, a) =
1 + qt+ q8t8 + q2
(
t+ t2
)
+ a3
(
q6 + q7t+ q8t2
)
+ q3
(
t+ t2 + t3
)
+ q4
(
2t2 +
t3 + t4
)
+ q5
(
2t3 + t4 + t5
)
+ q6
(
2t4 + t5 + t6
)
+ q7
(
t5 + t6 + t7
)
+ a2
(
q3 +
q4
(
1 + t
)
+ q5
(
1 + 2t+ t2
)
+ q6
(
2t+ 2t2 + t3
)
+ q7
(
2t2 + 2t3 + t4
)
+ q8
(
t3 +
t4+ t5
))
+ a
(
q+ q2
(
1+ t
)
+ q3
(
1+2t+ t2
)
+ q4
(
3t+2t2+ t3
)
+ q5
(
t+4t2+
2t3+ t4
)
+ q6
(
t2+4t3+2t4+ t5
)
+ q7
(
t3+3t4+2t5+ t6
)
+ q8
(
t5+ t6+ t7
))
.
Here and further we use [ChD1]. Let us list the necessary informa-
tion to verify (2.6). For the greatest possible m = 3 there are only 3
admissible D–sets D0 that can occur in such a (long) flag. Namely,
these flags and the dimensions dimJ3R[D] are:
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D0 = [9, 11, 15], ~g = (2, 5, 7), dim = 8  q
6t0a3,(4.1)
D0 = [7, 9, 11, 15], ~g = (2, 3, 5), dim = 7  q
7t1a3,
D0 = [5, 7, 9, 11, 15], ~g = (1, 2, 3), dim = 6  q
8t2a3;
we show their contributions to the corresponding superpolynomial.
D-sets dim
∅ 8
15 7
11,15 6
7,11,15 6
9,15 7
9,11,15 5
7,9,11,15 4
3,7,9,11,15 4
5,9,11,15 5
5,7,9,11,15 3
3,5,7,9,11,15 2
1,5,7,9,11,15 4
D-sets dim
1,3,5,7,9,11,15 2
2,7,11,15 6
2,9,15 7
2,9,11,15 6
2,7,9,11,15 5
2,3,7,9,11,15 4
2,5,9,11,15 5
2,5,7,9,11,15 3
2,3,5,7,9,11,15 1
1,2,5,7,9,11,15 3
1,2,3,5,7,9,11,15 0
Table 1. Dimensions for Γ = 〈4, 6, 13〉, m = 0
Tables 1, 2, 3 show D0, the corresponding ~g and the dimensions of
JmR [D] for all admissible flags as m = 0, 1, 2.
There are no admissible extensions of degree 4, so we have∑
D
q|D|+m tδ−dim(J
m
R
[D,D′]) am =
1 + qt+ q8t8 + q2
(
t+ t2
)
+ a3
(
q6 + q7t+ q8t2
)
+ q3
(
t+ t2 + t3
)
+ q4
(
2t2 +
t3 + t4
)
+ q5
(
2t3 + t4 + t5
)
+ q6
(
2t4 + t5 + t6
)
+ q7
(
t5 + t6 + t7
)
+ a2
(
q3 +
q4
(
1 + t
)
+ q5
(
1 + 2t+ t2
)
+ q6
(
2t+ 2t2 + t3
)
+ q7
(
2t2 + 2t3 + t4
)
+ q8
(
t3 +
t4+ t5
))
+ a
(
q+ q2
(
1+ t
)
+ q3
(
1+2t+ t2
)
+ q4
(
3t+2t2+ t3
)
+ q5
(
t+4t2+
2t3+ t4
)
+ q6
(
t2+4t3+2t4+ t5
)
+ q7
(
t3+3t4+2t5+ t6
)
+ q8
(
t5+ t6+ t7
))
,
which coincides with H~r,~s ( ; q, t, a) from Section 3.1 of [ChD1].
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D-sets g dim
∅ 15 8
15 9 8
15 11 7
11,15 7 7
11,15 9 6
7,11,15 2 7
7,11,15 9 6
9,15 2 8
9,15 11 7
9,11,15 2 7
9,11,15 5 6
9,11,15 7 5
7,9,11,15 2 6
7,9,11,15 3 5
7,9,11,15 5 4
3,7,9,11,15 2 5
3,7,9,11,15 5 4
5,9,11,15 2 6
5,9,11,15 7 5
5,7,9,11,15 1 5
D-sets g dim
5,7,9,11,15 2 4
5,7,9,11,15 3 3
3,5,7,9,11,15 1 3
3,5,7,9,11,15 2 2
1,5,7,9,11,15 2 5
1,5,7,9,11,15 3 4
1,3,5,7,9,11,15 2 2
2,7,11,15 9 6
2,9,15 11 7
2,9,11,15 5 7
2,9,11,15 7 6
2,7,9,11,15 3 6
2,7,9,11,15 5 5
2,3,7,9,11,15 5 4
2,5,9,11,15 7 5
2,5,7,9,11,15 1 4
2,5,7,9,11,15 3 3
2,3,5,7,9,11,15 1 1
1,2,5,7,9,11,15 3 3
Table 2. Dimensions for Γ = 〈4, 6, 13〉, m = 1
For R = C[[t4, t6 + t9]] corresponding to the Γ = 〈4, 6, 15〉 and cable
Cab(15, 2)T (3, 2) the situation is very similar. We checked that:
∞∑
m=0
∑
{D0=D,...,Dm}
q|D|+m tδ−dim(J
m
R
[D])am = H {3,2},{2,3}( ; q, t, a) =
1 + qt+ q9t9 + q2
(
t+ t2
)
+ q3
(
t+ t2 + t3
)
+ a3
(
q6 + q7t+ q8t2 + q9t3
)
+
q4
(
2t2 + t3 + t4
)
+ q5
(
2t3 + t4 + t5
)
+ q6
(
2t4 + t5 + t6
)
+ q7
(
2t5 + t6 + t7
)
+
q8
(
t6 + t7 + t8
)
+ a2
(
q3 + q4
(
1 + t
)
+ q5
(
1 + 2t + t2
)
+ q6
(
2t + 2t2 + t3
)
+
q7
(
2t2+2t3+ t4
)
+ q8
(
2t3 +2t4 + t5
)
+ q9
(
t4+ t5+ t6
))
+ a
(
q+ q2
(
1 + t
)
+
q3
(
1+2t+ t2
)
+ q4
(
3t+2t2+ t3
)
+ q5
(
t+4t2+2t3+ t4
)
+ q6
(
t2+4t3+2t4+
t5
)
+ q7
(
t3 + 4t4 + 2t5 + t6
)
+ q8
(
t4 + 3t5 + 2t6 + t7
)
+ q9
(
t6 + t7 + t8
))
.
DAHA AND PLANE CURVE SINGULARITIES 35
D-sets ~g dim
15 9,11 8
11,15 7,9 7
7,11,15 2,9 7
9,15 2,11 8
9,11,15 2,5 8
9,11,15 2,7 7
9,11,15 5,7 6
7,9,11,15 2,3 7
7,9,11,15 2,5 6
7,9,11,15 3,5 5
D-sets ~g dim
3,7,9,11,15 2,5 5
5,9,11,15 2,7 6
5,7,9,11,15 1,2 6
5,7,9,11,15 1,3 5
5,7,9,11,15 2,3 4
3,5,7,9,11,15 1,2 3
1,5,7,9,11,15 2,3 5
2,9,11,15 5,7 7
2,7,9,11,15 3,5 6
2,5,7,9,11,15 1,3 4
Table 3. Dimensions for Γ = 〈4, 6, 13〉, m = 2
See the same section of [ChD1]. Note that formulas (3.1) and (3.2)
there for the DAHA-Betti polynomials are obtained from the super-
polynomials as a = 0, q = 1.
4.2. The case of Γ=〈4, 14, 31〉. We checked the Main Conjecture in
many cases for the series (4, 2u, v) of Puiseux exponents. This example
is of importance because quite a few features of Theorem 3.1 (and our
proof) cannot be seen for the sub-family (4, 6, v). For Γ = 〈4, 14, 31〉,
we list all admissible D–flags D and the dimensions dimJmR [D] for
m = 3 (the greatest possible value). The calculation of dimensions at
the maximal m as a matter of fact includes a lot of information about
the dimensions for previous lengths m, so this is a good test of our
conjecture. However we restrict ourselves with a3 here due to practical
reasons. The total number of admissible D is 1071, but there are “only”
85 such D–flags of the top length for m = 3. The dimensions are in
Tables 4, 5 (its continuation) in the same format as above. Compare
them with the coefficients of a3 of the corresponding superpolynomial
from [ChD1], which we provide:
R = C[[z4, z14 + z17]], T = Cab(31, 2)T (7, 2), H{7,2},{2,3}(; q, t, a) =
1+qt+q2t+q3t+q2t2+q3t2+2q4t2+q5t2+q6t2+q3t3+q4t3+2q5t3+2q6t3+
2q7t3+q8t3+q9t3+q4t4+q5t4+2q6t4+2q7t4+3q8t4+2q9t4+2q10t4+q5t5+
q6t5+2q7t5+2q8t5+3q9t5+3q10t5+3q11t5+q6t6+q7t6+2q8t6+2q9t6+3q10t6+
3q11t6+4q12t6+q7t7+q8t7+2q9t7+2q10t7+3q11t7+3q12t7+4q13t7+q8t8+
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q9t8+2q10t8+2q11t8+3q12t8+3q13t8+4q14t8+q9t9+q10t9+2q11t9+2q12t9+
3q13t9+3q14t9+4q15t9+q10t10+q11t10+2q12t10+2q13t10+3q14t10+3q15t10+
3q16t10+q11t11+q12t11+2q13t11+2q14t11+3q15t11+3q16t11+2q17t11+q12t12+
q13t12+2q14t12+2q15t12+3q16t12+2q17t12+q18t12+q13t13+q14t13+2q15t13+
2q16t13+3q17t13+q18t13+q14t14+q15t14+2q16t14+2q17t14+2q18t14+q15t15+
q16t15+2q17t15+2q18t15+q19t15+q16t16+q17t16+2q18t16+q19t16+q17t17+
q18t17 + 2q19t17 + q18t18 + q19t18 + q20t18 + q19t19 + q20t19 + q20t20 + q21t21
+a3
(
q6+ q7t+ q8t+ q9t+ q8t2+ q9t2+2q10t2+ q11t2+ q12t2+ q9t3+ q10t3+
2q11t3 + 2q12t3 + 2q13t3 + q10t4 + q11t4 + 2q12t4 + 2q13t4 + 3q14t4 + q11t5 +
q12t5+2q13t5+2q14t5+3q15t5+q12t6+q13t6+2q14t6+2q15t6+3q16t6+q13t7+
q14t7+2q15t7+2q16t7+3q17t7+q14t8+q15t8+2q16t8+2q17t8+2q18t8+q15t9+
q16t9 + 2q17t9 + 2q18t9 + q19t9 + q16t10 + q17t10 + 2q18t10 + q19t10 + q17t11 +
q18t11 + 2q19t11 + q18t12 + q19t12 + q20t12 + q19t13 + q20t13 + q20t14 + q21t15
)
+a2
(
q3 + q4 + q5 + q4t + 2q5t + 3q6t + 2q7t + q8t + q5t2 + 2q6t2 + 4q7t2 +
4q8t2+4q9t2+2q10t2+ q11t2+ q6t3+2q7t3+4q8t3+5q9t3+6q10t3+5q11t3+
3q12t3+q7t4+2q8t4+4q9t4+5q10t4+7q11t4+7q12t4+5q13t4+q8t5+2q9t5+
4q10t5 + 5q11t5 + 7q12t5 + 8q13t5 + 6q14t5 + q9t6 + 2q10t6 +4q11t6 +5q12t6 +
7q13t6+8q14t6+6q15t6+ q10t7+2q11t7+4q12t7+5q13t7+7q14t7+8q15t7+
6q16t7 + q11t8 + 2q12t8 + 4q13t8 + 5q14t8 + 7q15t8 + 8q16t8 + 5q17t8 + q12t9 +
2q13t9+4q14t9+5q15t9+7q16t9+7q17t9+3q18t9+q13t10+2q14t10+4q15t10+
5q16t10 + 7q17t10 + 5q18t10 + q19t10 + q14t11 + 2q15t11 + 4q16t11 + 5q17t11 +
6q18t11 + 2q19t11 + q15t12 + 2q16t12 + 4q17t12 + 5q18t12 + 4q19t12 + q16t13 +
2q17t13 + 4q18t13 + 4q19t13 + q20t13 + q17t14 + 2q18t14 + 4q19t14 + 2q20t14 +
q18t15+2q19t15+3q20t15+ q19t16+2q20t16+ q21t16+ q20t17+ q21t17+ q21t18
)
+a
(
q+q2+q3+q2t+2q3t+3q4t+2q5t+q6t+q3t2+2q4t2+4q5t2+4q6t2+4q7t2+
2q8t2+q9t2+q4t3+2q5t3+4q6t3+5q7t3+6q8t3+5q9t3+4q10t3+q11t3+q5t4+
2q6t4+4q7t4+5q8t4+7q9t4+7q10t4+7q11t4+2q12t4+q6t5+2q7t5+4q8t5+
5q9t5+7q10t5+8q11t5+9q12t5+3q13t5+q7t6+2q8t6+4q9t6+5q10t6+7q11t6+
8q12t6+10q13t6 +3q14t6 + q8t7 +2q9t7+4q10t7 +5q11t7 +7q12t7 +8q13t7 +
10q14t7+3q15t7+ q9t8+2q10t8+4q11t8+5q12t8+7q13t8+8q14t8+10q15t8+
3q16t8+ q10t9+2q11t9+4q12t9+5q13t9+7q14t9+8q15t9+9q16t9+2q17t9+
q11t10+2q12t10+4q13t10+5q14t10+7q15t10+8q16t10+7q17t10+q18t10+q12t11+
2q13t11 + 4q14t11 + 5q15t11 + 7q16t11 + 7q17t11 + 4q18t11 + q13t12 + 2q14t12 +
4q15t12 + 5q16t12 + 7q17t12 + 5q18t12 + q19t12 + q14t13 + 2q15t13 + 4q16t13 +
5q17t13 + 6q18t13 + 2q19t13 + q15t14 + 2q16t14 + 4q17t14 + 5q18t14 + 4q19t14 +
q16t15+2q17t15+4q18t15+4q19t15+q20t15+q17t16+2q18t16+4q19t16+2q20t16+
q18t17+2q19t17+3q20t17+ q19t18+2q20t18+ q21t18+ q20t19+ q21t19+ q21t20
)
.
4.3. The series (6, 8, v). The series with Puiseux exponents (4, 2u, v)
above corresponds to links Cab(2u + v, 2)T (u, 2), which are somewhat
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D-sets ~g dim
27,37,41 10,23,33 21
27,33,37,41 10,23,29 20
27,29,33,37,41 10,23,25 19
25,27,29,33,37,41 10,21,23 18
21,25,27,29,33,37,41 10,17,23 18
17,21,25,27,29,33,37,41 10,13,23 18
23,27,33,37,41 10,19,29 20
23,27,29,33,37,41 10,19,25 19
23,25,27,29,33,37,41 10,19,21 17
21,23,25,27,29,33,37,41 10,17,19 16
17,21,23,25,27,29,33,37,41 10,13,19 16
13,17,21,23,25,27,29,33,37,41 9,10,19 16
19,23,27,29,33,37,41 10,15,25 19
19,23,25,27,29,33,37,41 10,15,21 17
19,21,23,25,27,29,33,37,41 10,15,17 15
17,19,21,23,25,27,29,33,37,41 10,13,15 14
13,17,19,21,23,25,27,29,33,37,41 9,10,15 14
9,13,17,19,21,23,25,27,29,33,37,41 5,10,15 15
15,19,23,25,27,29,33,37,41 10,11,21 17
15,19,21,23,25,27,29,33,37,41 10,11,17 15
15,17,19,21,23,25,27,29,33,37,41 10,11,13 13
13,15,17,19,21,23,25,27,29,33,37,41 9,10,11 12
9,13,15,17,19,21,23,25,27,29,33,37,41 5,10,11 13
5,9,13,15,17,19,21,23,25,27,29,33,37,41 1,10,11 14
11,15,19,21,23,25,27,29,33,37,41 7,10,17 15
11,15,17,19,21,23,25,27,29,33,37,41 7,10,13 13
11,13,15,17,19,21,23,25,27,29,33,37,41 7,9,10 11
9,11,13,15,17,19,21,23,25,27,29,33,37,41 5,7,10 11
5,9,11,13,15,17,19,21,23,25,27,29,33,37,41 1,7,10 12
7,11,15,17,19,21,23,25,27,29,33,37,41 3,10,13 14
7,11,13,15,17,19,21,23,25,27,29,33,37,41 3,9,10 12
7,9,11,13,15,17,19,21,23,25,27,29,33,37,41 3,5,10 11
5,7,9,11,13,15,17,19,21,23,25,27,29,33,37,41 1,3,10 11
10,17,21,25,27,29,33,37,41 6,13,23 18
10,23,27,33,37,41 6,19,29 20
10,23,27,29,33,37,41 6,19,25 19
10,23,25,27,29,33,37,41 6,19,21 18
10,21,23,25,27,29,33,37,41 6,17,19 17
10,17,21,23,25,27,29,33,37,41 6,13,19 17
10,13,17,21,23,25,27,29,33,37,41 6,9,19 16
10,19,23,27,29,33,37,41 6,15,25 19
10,19,23,25,27,29,33,37,41 6,15,21 18
10,19,21,23,25,27,29,33,37,41 6,15,17 16
Table 4. Dimensions for Γ = 〈4, 14, 31〉, m = 3 (I)
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D-sets ~g dim
10,17,19,21,23,25,27,29,33,37,41 6,13,15 15
10,13,17,19,21,23,25,27,29,33,37,41 6,9,15 14
9,10,13,17,19,21,23,25,27,29,33,37,41 5,6,15 14
10,15,19,23,25,27,29,33,37,41 6,11,21 17
10,15,19,21,23,25,27,29,33,37,41 6,11,17 16
10,15,17,19,21,23,25,27,29,33,37,41 6,11,13 14
10,13,15,17,19,21,23,25,27,29,33,37,41 6,9,11 12
9,10,13,15,17,19,21,23,25,27,29,33,37,41 5,6,11 12
5,9,10,13,15,17,19,21,23,25,27,29,33,37,41 1,6,11 13
10,11,15,19,21,23,25,27,29,33,37,41 6,7,17 15
10,11,15,17,19,21,23,25,27,29,33,37,41 6,7,13 13
10,11,13,15,17,19,21,23,25,27,29,33,37,41 6,7,9 10
9,10,11,13,15,17,19,21,23,25,27,29,33,37,41 5,6,7 9
5,9,10,11,13,15,17,19,21,23,25,27,29,33,37,41 1,6,7 10
7,10,11,15,17,19,21,23,25,27,29,33,37,41 3,6,13 13
7,10,11,13,15,17,19,21,23,25,27,29,33,37,41 3,6,9 10
7,9,10,11,13,15,17,19,21,23,25,27,29,33,37,41 3,5,6 8
5,7,9,10,11,13,15,17,19,21,23,25,27,29,33,37,41 1,3,6 8
6,10,17,21,25,27,29,33,37,41 2,13,23 18
6,10,17,21,23,25,27,29,33,37,41 2,13,19 17
6,10,13,17,21,23,25,27,29,33,37,41 2,9,19 16
6,10,19,23,27,29,33,37,41 2,15,25 19
6,10,19,23,25,27,29,33,37,41 2,15,21 18
6,10,19,21,23,25,27,29,33,37,41 2,15,17 17
6,10,17,19,21,23,25,27,29,33,37,41 2,13,15 16
6,10,13,17,19,21,23,25,27,29,33,37,41 2,9,15 15
6,9,10,13,17,19,21,23,25,27,29,33,37,41 2,5,15 14
6,10,15,19,23,25,27,29,33,37,41 2,11,21 17
6,10,15,19,21,23,25,27,29,33,37,41 2,11,17 16
6,10,15,17,19,21,23,25,27,29,33,37,41 2,11,13 15
6,10,13,15,17,19,21,23,25,27,29,33,37,41 2,9,11 13
6,9,10,13,15,17,19,21,23,25,27,29,33,37,41 2,5,11 12
5,6,9,10,13,15,17,19,21,23,25,27,29,33,37,41 1,2,11 12
6,10,11,15,19,21,23,25,27,29,33,37,41 2,7,17 15
6,10,11,15,17,19,21,23,25,27,29,33,37,41 2,7,13 14
6,10,11,13,15,17,19,21,23,25,27,29,33,37,41 2,7,9 11
6,9,10,11,13,15,17,19,21,23,25,27,29,33,37,41 2,5,7 9
5,6,9,10,11,13,15,17,19,21,23,25,27,29,33,37,41 1,2,7 9
6,7,10,11,15,17,19,21,23,25,27,29,33,37,41 2,3,13 13
6,7,10,11,13,15,17,19,21,23,25,27,29,33,37,41 2,3,9 10
6,7,9,10,11,13,15,17,19,21,23,25,27,29,33,37,41 2,3,5 7
5,6,7,9,10,11,13,15,17,19,21,23,25,27,29,33,37,41 1,2,3 6
Table 5. Dimensions for Γ = 〈4, 14, 31〉, m = 3 (II)
DAHA AND PLANE CURVE SINGULARITIES 39
special; torus knots and cables for (2p+ 1, 2) are known to have some
special symmetries.
Let us consider the series (6, 8, v) for odd v ≥ 9 from (1.17) with the
link Cab(25 + (v − 9), 2)T (4, 3). The corresponding ring, semigroup,
δ–invariant, and the Euler number of JR are R = C[[z6, z8 + zv]],Γ =
〈6, 8, 25 + (v − 9)〉, δ = 18 + (v − 9)/2, e(JR) = 227 + 25(v − 9)/2.
Paper [Pi] provides the Euler number, the total number of Γ–modules,
which is 273+25(v−9)/2, and the number of non-admissible ones. The
latter is 46 for any v. The difference 273 + 25(v − 9)/2− 46 is exactly
the Euler number, since all admissible cells in the decomposition from
[Pi] are diffeomorphic to AN in the case under consideration and the
homology can be readily calculated.
For our conjecture, we need to know the set of all Γ–modules ∆,
those that are non-admissible, and the dimensions dim(JR[D]). It is
not too difficult to find all non-admissible modules following [Pi], but
they are not provided in his paper. There are “generic” non-admissible
modules and 3 exceptional ones, which we are going to describe.
We examine the elements
T pqij = φimp − φjmq ∈M
where D = DM is the set of gaps of M, i < j ∈ Γ, p > q ∈ ∆M =
υ(M), υ(φi) = i, υ(mp) = p, where we use the valuation υ : O → Z+.
Recall that modules M are submodules in O = C[[z]] with an element
of valuation 0.
We will assume that the leading z–monomial in φi, mk has the co-
efficient 1. For instance, m0 = 1 +
∑
p>0 λ
p
0z
p. The choice of these
elements is of course non-unique (higher terms can be added to them).
Proposition 4.1. All non-admissibleM for R = C[[t6, t8+ tv]] can be
described as follows. In the differences from (4.3), let:
(a) q = 0, p = 2, 4, 10; (b) q = 2, p = 4; (c) p > q ∈ {0, 2, 4}.
Then, let us impose the following relations for i, j in (4.3):
i+ p+ 1 6∈ ∆M and i+ p = j + q for i, j ∈ Γ.(4.2)
Here the latter results in the inequalities υ(T pqij ) ≥ 1+ p+1, which can
be only strict due to the former since T pqij ∈M.
The non-admissibility of M of type (a) or (b) is if and only if there
exist no mp, mq ∈ M in (4.3) satisfying (4.2) for all possible choices
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of i, j there. In the case of (c), the absence of m0, m2, m4 ∈ M must
be checked for each of the 3 choices of p, q there altogether and every
possible i, j satisfying (4.3). 
Let us list the D-sets (the sets of gaps) for all 46 non-admissible
modulesM. In Table 6, (v−9) must be added to all gaps in the second
half of the first column (clearly visible). The second column contains
the smallest p > 0 in D that ensures the non-admissibility in the case
of (a), the letters b or c stand for the remaining three exceptional
cases. The third column contains the first g = gmin = i + p + 1 6∈ D
such that its absence in D contradicts the absence of the previous gaps
g′i′ + p+ 1 < gmin in D, which is for a given pair from (a, b, c). Such a
gap is provided only for the pair (0, 2) in the case of (c).
The non-admissibility can occur only if there are at least two possible
pairs (i, j) satisfying (4.2). The corresponding conditions are simple
equalities for the differences λ1p − λ
1
q, where mp = z
p + λ1pz
p+1 + · · · . If
the difference λ1p−λ
1
q takes different values for different pairs (i, j), then
the module cannot be admissible. In the case of c, such a contradiction
can be reached only if three such sequences of equalities are considered
together, i.e. for λ10 − λ
1
2, λ
1
0 − λ
1
4, λ
1
2 − λ
1
4. Generally, higher order
z–expansions can be necessary here, i.e. λi>1p may occur; however this
is not the case with (6, 8, v).
Using this table and the list of all 273 + 25(v − 9)/2, modules ∆,
we checked Conjecture 2.5 for t = 1 (i.e. ignoring the dimensions) for
quite a few v. Here and in all calculations we performed it appeared
sufficient to replace the admissibility of D by the admissibility of all
Di (separately), a potentially weaker condition. Generalizing [Pi], we
verified here that all subvarieties JmR [D] are diffeomorphic to proper
AN , so we are in the situation of (2.6).
Let us provide some details. Recall that the D–flag of length m
originated at D is by definition the sequence of D–sets for Γ–modules:
D=
{
D0 = D,D1=D ∪ {g1}, . . . , Dm=D ∪ {g1, g2, . . . , gm}
}
,(4.3)
where the inequalities g1 < g2 < · · · < gm ∈ G \ D are imposed. Let
us illustrate numerically the importance of this very ordering in our
definition of D–flags.
As it results from Proposition 2.3, each set D ∪ {gi} corresponds to
a certain Γ–module for any 1 ≤ i ≤ m. However, apart from torus
knots, these conditions (imposed together) are generally significantly
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D-sets under {·}+ (v − 9) p g
10, 35 10 19
10, 27, 35 10 19
10, 29, 35 10 19
2, 10, 27, 35 2 19
4, 10, 29, 35 4 17
10, 23, 29, 35 10 19
10, 27, 29, 35 10 19
2, 10, 27, 29, 35 2 19
4, 10, 23, 29, 35 4 17
4, 10, 27, 29, 35 4 17
10, 21, 27, 29, 35 10 19
10, 23, 27, 29, 35 10 19
2, 4, 10, 27, 29, 35 2 19
2, 10, 21, 27, 29, 35 2 19
2, 10, 23, 27, 29, 35 2 19
4, 10, 19, 27, 29, 35 4 17
4, 10, 21, 27, 29, 35 4 17
4, 10, 23, 27, 29, 35 4 17
10, 21, 23, 27, 29, 35 10 19
2, 4, 10, 19, 27, 29, 35 4 17
2, 4, 10, 21, 27, 29, 35 2 19
2, 4, 10, 23, 27, 29, 35 2 19
2, 10, 17, 23, 27, 29, 35 2 19
D-sets under {·}+ (v − 9) p g
2, 10, 21, 23, 27, 29, 35 2 19
4, 10, 19, 21, 27, 29, 35 4 17
4, 10, 19, 23, 27, 29, 35 4 17
4, 10, 21, 23, 27, 29, 35 4 17
10, 15, 21, 23, 27, 29, 35 10 19
2, 4, 10, 17, 23, 27, 29, 35 2 19
2, 4, 10, 19, 21, 27, 29, 35 4 17
2, 4, 10, 19, 23, 27, 29, 35 4 17
2, 4, 10, 21, 23, 27, 29, 35 2 19
2, 10, 15, 21, 23, 27, 29, 35 2 19
2, 10, 17, 21, 23, 27, 29, 35 2 19
4, 10, 15, 21, 23, 27, 29, 35 4 17
4, 10, 19, 21, 23, 27, 29, 35 4 17
2, 4, 10, 15, 21, 23, 27, 29, 35 2 19
2, 4, 10, 17, 19, 23, 27, 29, 35 b 21
2, 4, 10, 17, 21, 23, 27, 29, 35 2 19
2, 4, 10, 19, 21, 23, 27, 29, 35 4 17
2, 10, 15, 17, 21, 23, 27, 29, 35 2 19
4, 10, 15, 19, 21, 23, 27, 29, 35 4 17
2, 4, 10, 15, 17, 21, 23, 27, 29, 35 2 19
2, 4, 10, 15, 19, 21, 23, 27, 29, 35 4 17
2, 4, 10, 17, 19, 21, 23, 27, 29, 35 c 11
2, 4, 10, 15, 17, 19, 21, 23, 27, 29, 35 c 11
Table 6. Non-admissible modules for (6, 8, v)
weaker than the conditions we need. The Γ–modules Di from (4.3) are
not always admissible (come from some M) if all D ∪ {gi} do.
We set ǫ(D) = 1, 0 correspondingly for admissible and non-admissible
D and ǫ(D) =
∏m
i=1 ǫ(Di), where Di = DMi. Then ǫ(D) = 1 is equiv-
alent to the admissibility of D (in the example under consideration).
We expect this implication to hold in general, but cannot prove this at
the moment. Thus ǫ(D) = 1 implies that
∏m
i=1 ǫ(D ∪ gi) = 1, but the
latter condition is not generally insufficient for the former.
Namely, if the admissibility of D–flags were defined as
∏m
i=1 ǫ(D ∪
{gi}) = 1 instead of ǫ(D) = 1, i.e. separately for each and every D ∪
{gi}, then there would be 14 extra (wrong) terms (with multiplicities)
in (4.4) below. This clearly demonstrates that our flags are generally
more subtle than using “marks” for torus knots in [Gor1] and other
related works.
The smallest example is as follows. Using Table 6 with v = 9, the set
of all gi forD = [10, 17, 19, 23, 27, 29, 35] such thatD∪{gi} is admissible
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is {2, 4, 11, 21}. However D∪{2, 4} = [2, 4, 10, 17, 19, 23, 27, 29, 35] is a
non-admissible D–set (it is marked by b in the table).
Finally, we arrive at the following identity:
∞∑
m=0
∑
D={D0,...,Dm}
ǫ(D) q|D0|+m am =(4.4)
1+q+2q2+3q3+5q4+7q5+10q6+12q7+16q8+19q9+22q10+24q11+25q12+
24q13+22q14+17q15+11q16+5q17+q18+a
(
q+2q2+4q3+7q4+12q5+18q6+
26q7+35q8+46q9+56q10+66q11+72q12+74q13+70q14+59q15+41q16+
21q17+5q18
)
+a2
(
q3+2q4+5q5+9q6+16q7+24q8+36q9+48q10+62q11+
74q12+82q13+83q14+76q15+58q16+34q17+10q18
)
+a3
(
q6+2q7+5q8+9q9+
15q10+22q11+31q12+38q13+44q14+44q15+38q16+26q17+10q18
)
+a4
(
q10+
2q11+4q12+6q13+9q14+11q15+11q16+9q17+5q18
)
+a5
(
q15+q16+q17+q18
)
.
The latter sum exactly coincides with H~r,~s (; q, t = 1, a) from for-
mula (4) in Section 3.2 of [ChD1], where
~r = {4, 2}, ~s = {3, 1}, T = Cab(25, 2)T (4, 3).
Also see formula (3.4) there for the corresponding DAHA-Betti poly-
nomial, which is the a–constant term of (4.4) upon the substitution
q 7→ 1/t and multiplication by t18: 1 + 5t+ 11t2 + 17t3 + 22t4 + 24t5 +
25t6+24t7+22t8+19t9+16t10+12t11+10t12+7t13+5t14+3t15+2t16+t17+t18.
Here we use the super-duality.
We also checked that JmR [D] are always affine spaces, found formulas
for the dimensions of Jm=0,1R [D] and correspondingly verified (2.6) for
the coefficients of superpolynomials of a0, a1 in the considered case.
4.4. Beyond “Piontkowski”. Examples are given in [Pi] where his
approach does not work because the corresponding cells Jr[D] are non
affine spaces. Thus the count of such cells and knowing their dimensions
is insufficient for obtaining the Betti numbers and the Euler number
of Jr. Some ‘negative” examples are provided in the table after The-
orem 13 in [Pi]. We found that not always the cells in his table are
really non-affine, but the phenomenon he discovered is of course im-
portant. It is unclear whether non-affine cells and non-admissible D,D
are topological. This is of obvious interest due to our Main Conjecture
and because of the exciting link to orbital integral in type A.
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We mostly consider a relatively simple singularity with Puiseux ex-
ponents (6, 9, 10) and the cable Cab(19, 3)T (3, 2). Its ring is R =
C[[t6, t9 + t10]], the valuation semigroup is Γ = 〈6, 9, 19〉 and δ =
|N \ Γ| = 21 in this case. See [ChD1], Section 3.2 for details and
the formula for the DAHA superpolynomial; the DAHA-Betti polyno-
mial (a = 0, q = 1) is formula (3.3) there, which does provide correct
Betti numbers for the corresponding JR.
This example is transitional in a sense; all cells are still affine spaces,
but the justification of this fact (straightforward, using computers) be-
comes more involved. We considered some deformations of parameters
of R and think that Table 7 depends only on the corresponding Γ (i.e.
this table is of topological nature) but this is not clear.
The simplest example of non-affine JR[D] in this case given in [Pi] is
D = [3, 7, 10, 13, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41],
but we found that the corresponding JR[D] is biregular to A
14. The
only problem with this and 2 other similar sets D (our program ob-
tained) is that the natural λ–variables Piontkowski uses (we too) are
inconvenient to parametrize JR[D]; a certain (linear) change of vari-
ables is necessary. The other two D–sets with a similar behavior (when
a straight elimination of the λ-variables is insufficient) are
[3, 10, 13, 16, 20, 22, 23, 26, 29, 32, 35, 41],
[3, 10, 13, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41].
All 3 (and any other cells) are affine spaces in this case. The next
example of a non-affine cell from [Pi] is for C[[t6, t9 + t13]]; we confirm
it. See Appendix A in the online version of this paper.
We note that our program routinely calculates |JR[D](F3)| for “sus-
picious” D to double check the direct verification of the affineness of
the cells (mostly automated). These cardinalities must be 3dim for
affine cells. The prime 3 is a “place of good reduction” for this R. The
reduction is bad modulo p = 2 and one needs to switch to the topolog-
ically equivalent ring C[[t6 + t7, t9]] before replacing C 7→ F2. We omit
general analysis of places of bad reduction in this paper.
We will not discuss much the flags here, but let us mention that
all cells are affine for Jm=1R [D] (their dimensions are all calculated) in
the case of R = C[[t6, t9 + t10]]. The list of (all) 70 non-admissible D
(i.e. for m = 0) will be provided. The total number of modules ∆ is
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22, 41 2, 3, 5, 8, 11, 14, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 22, 41 1, 3, 4, 7, 10, 13, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
22, 35, 41 3, 5, 8, 11, 14, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 22, 32, 41 2, 3, 8, 11, 14, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 22, 35, 41 2, 3, 5, 8, 11, 14, 17, 20, 22, 23, 26, 29, 32, 35, 41
16, 22, 35, 41 1, 4, 7, 10, 13, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 22, 35, 41 1, 3, 4, 7, 10, 13, 16, 20, 22, 23, 26, 29, 32, 35, 41
3, 22, 29, 35, 41 3, 8, 11, 14, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 22, 32, 35, 41 3, 5, 11, 14, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
16, 22, 32, 35, 41 3, 5, 8, 11, 14, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 22, 29, 35, 41 3, 4, 7, 10, 13, 16, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 22, 32, 35, 41 2, 3, 8, 11, 14, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 22, 26, 32, 35, 41 1, 4, 7, 10, 13, 16, 20, 22, 23, 26, 29, 32, 35, 41
3, 22, 29, 32, 35, 41 4, 7, 10, 13, 16, 20, 22, 23, 26, 29, 32, 35, 41
13, 16, 22, 32, 35, 41 3, 11, 14, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 13, 16, 22, 32, 35, 41 3, 8, 14, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 22, 26, 32, 35, 41 3, 8, 11, 14, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 22, 29, 32, 35, 41 3, 5, 11, 14, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 22, 23, 29, 32, 35, 41 3, 4, 7, 10, 13, 16, 22, 23, 26, 29, 32, 35, 41
3, 22, 26, 29, 32, 35, 41 4, 7, 10, 13, 16, 22, 23, 26, 29, 32, 35, 41
13, 16, 22, 29, 32, 35, 41 3, 14, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 13, 16, 22, 29, 32, 35, 41 3, 11, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 22, 23, 29, 32, 35, 41 3, 11, 14, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 22, 26, 29, 32, 35, 41 3, 8, 14, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 20, 22, 26, 29, 32, 35, 41 3, 7, 10, 13, 16, 22, 23, 26, 29, 32, 35, 41
3, 22, 23, 26, 29, 32, 35, 41 7, 10, 13, 16, 22, 23, 26, 29, 32, 35, 41
10, 13, 16, 22, 29, 32, 35, 41 3, 16, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 10, 13, 16, 22, 29, 32, 35, 41 3, 14, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 20, 22, 26, 29, 32, 35, 41 3, 14, 16, 20, 22, 23, 26, 29, 32, 35, 41
3, 16, 22, 23, 26, 29, 32, 35, 41 3, 11, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 17, 22, 23, 26, 29, 32, 35, 41 3, 7, 10, 13, 16, 22, 26, 29, 32, 35, 41
3, 20, 22, 23, 26, 29, 32, 35, 41 7, 10, 13, 16, 22, 26, 29, 32, 35, 41
10, 13, 16, 22, 26, 29, 32, 35, 41 3, 17, 20, 22, 23, 26, 29, 32, 35, 41
3, 10, 13, 16, 22, 26, 29, 32, 35, 41 3, 16, 20, 22, 23, 26, 29, 32, 35, 41
3, 14, 20, 22, 23, 26, 29, 32, 35, 41 3, 16, 17, 22, 23, 26, 29, 32, 35, 41
Table 7. Non-admissible D for Γ = 〈6, 9, 19〉
447 = 377 + 70 in this case, and the Euler number is e(JR) = 377.
Accordingly, we checked (numerically) the coincidence from (2.6) in
the following two cases: (a) for all a when t = 1 (for the admissibility
of D understood as the admissibility of all Di in this flag), and (b) for
the coefficients of H(; q, t, a) from [ChD1] of a0,1.
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The calculation in (a) greatly demonstrates the role of admissibility
and the implications of the ordering g1 < . . . < gm, which are quite
non-trivial combinatorially. The corresponding reduction of the super-
polynomial for R = C[[t6, t9 + t10]] is H(; q, t = 1, a) =
1+q+2q2+3q3+5q4+7q5+10q6+13q7+17q8+21q9+25q10+29q11+33q12+
36q13+37q14+37q15+34q16+28q17+20q18+12q19+5q20+q21+a5
(
q15+q16+
2q17+2q18+3q19+2q20+q21
)
+a4
(
q10+2q11+4q12+7q13+11q14+15q15+
19q16+22q17+23q18+21q19+13q20+5q21
)
+a
(
q+2q2+4q3+7q4+12q5+
18q6+27q7+37q8+50q9+63q10+78q11+91q12+105q13+113q14+118q15+
114q16+100q17+76q18+48q19+22q20+5q21
)
+a3
(
q6+2q7+5q8+9q9+16q10+
24q11+36q12+47q13+61q14+71q15+81q16+82q17+76q18+57q19+32q20+
10q21
)
+a2
(
q3+2q4+5q5+9q6+16q7+25q8+38q9+53q10+71q11+90q12+
109q13+126q14+138q15+143q16+134q17+111q18+75q19+38q20+10q21
)
.
5. Some perspectives
The topics below are mostly open projects, but we believe that
this section can be of interest; the relation to orbital integrals, affine
Springer fibers and the motivic reformulation (5.2) of (2.7) are the
key. We will first address the absence of colors and links in our Main
Conjecture and related issues.
5.1. Adding colors. In contrast to [ChD2] and previous paper, we
restrict this one to algebraic uncolored knots and only type A is ad-
dressed in our conjecture. Let us briefly comment on this. Adding
colors is expected via the curves in [Ma], so algebraic links are/seem
necessary for this. Apart from rectangle Young diagrams, the coeffi-
cients of DAHA-superpolynomials are non-positive, which is an obvious
challenge for the geometric interpretation. This is the same for links
(included uncolored ones). The Jacobian factors become ind-schemes
for algebraic links and we need to follow [KL] (divide by certain split
tori) to make them proper .
One can try to bypass the non-positivity issues switching to some
Hilbert schemes instead of our flagged Jacobians, which corresponds to
the unreduced topological setting. This can be similar to [ORS, EGL];
see also Conjecture 5.3 (ii) from [ChD2].
Superpolynomials beyond An . Our flagged Jacobian factors are re-
lated to the Hitchin and affine Springer fibers. The hope is that the
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DAHA-superpolynomials can be directly and geometrically determined
by spectral curves for types Bn, Cn, Dn via the corresponding flagged
Jacobian factors and/or Hilbert schemes. The rank stabilization was
conjectured in [Ch2]; the name “hyperpolynomials” is used instead of
superpolynomials for non-A types. The spectral curves are generally
non-unibranch, so the passage to links is necessary here. A certain
confirmation is the following observation.
It is true in all known examples thatH(b ; q, t, u, a=0) for the hyper-
polynomials from Section 4.2 of [Ch2] depend only on the corresponding
knot and the color b. This holds for the hyperpolynomials of type C,D
calculated there for T (3, 2), T (7, 2), T (4, 3) and b = ω1, 2ω1, ω2. The
hyperpolynomials of type D are the specialization of those of type C
upon u = 1 (see (4.7) there; u is the second t for B,C). The same
holds for type B under q2 7→ q, u 7→ t.
Furthermore, the hyperpolynomials Had
r,s(q, t, a) for the Deligne-Gross
series (extending the series E6,7,8) introduced in Section 4.2 of [ChE]
coincide at a = 0 with Hr,s(, ; q, t, a = 0) of type A. The ex-
istence of Had
r,s was confirmed only partially in [ChE] (and only for
T (3, 2), T (4, 3)). TheseHad
r,s are mysterious from the viewpoint of [Ch2],
since there can be no rank stabilization here. We hope that our present
paper can shed some light on this.
5.2. Perfect DAHA modules. A challenge is an interpretation of
DAHA superpolynomials for arbitrary algebraic knots, similar to that
in [Gor2] for torus ones via perfect modules of rational DAHA. See also
Theorem 9.5 from [GORS]. There are some obstacles.
One can use here the classification results from [Vas, VV, Yun1] in
terms of K–theory or homology (for the rational and trigonometric
DAHA) of iwahoric Springer fibers. See paper [Vas] for general theory,
including a comprehensive analysis in type A.
Following Gorsky, let us consider the root system As−1 for a given
torus knot T (r, s) (so we adjust its rank to the knot) and take e=e1+
. . .+es−1+z
rfθ in the notations from Section 4.1 from [VV]. Then H∗(Ye)
for the corresponding Iwahoric Springer fiber Ye can be supplied with
a natural structure of the perfect HH–module for t= q−
r
s of dimension
rs−1, which is a very explicit quotient of the polynomial representation
of rational DAHA. This module becomes simpler with q, t (via K–
theory), but the grading then will be missing.
DAHA AND PLANE CURVE SINGULARITIES 47
The coefficients of am in the superpolynomial are associated with
isotypic components of thisHH–module for the wedge mth powers of the
standard s−1 dimensional representation ofW = Ss. This construction
is quite combinatorial; Gorsky relates am to m–sets of marks , which
are corners in Dyck paths below the diagonal in the s× r–rectangle. In
the absence of marks (when a = 0), the space of W–coinvariants is the
image of the projection of H∗(Ye) onto H∗(Xe) for the affine Springer
fiber Xe (see also Section 5.3 below).
The number of marks corresponds to m in our JmR . The latter is a
special subvariety of the parahoric Springer fiber of full m–sub-flags
starting from the top, defined as the space of flags of R–modules
{Mi, i = 0, . . . , m}, where mMm ⊂ Mi and dimC(Mi+1/Mi) = 1;
m ⊂ R is the maximal ideal. They can be extended to full periodic
flags via the forgetful map from Ye to the parahoric one.
This construction involves the root system As−1, and the topological
r ↔ s symmetry of the superpolynomial generally becomes far from
obvious. Our geometric superpolynomials are defined directly in terms
of the singularity and are manifestly r↔ s–symmetric.
Furthermore, the (finite-dimensional) spacesH∗(Ye) for arbitrary nil-
elliptic (anisotropic) e are not generally related to any DAHA–modules
unless in the torus case. These spaces are needed for general unibranch
plane curve singularities, but their dimensions and other features are
very different from those of the finite-dimensional modules. It is not
impossible that they can appear as some “remarkable” subspaces in
infinite-dimensional HH–modules, but this is questionable.
5.3. Affine Springer fibers. Conjecture 2.5 leads to the following
connection with the orbital integrals from the Fundamental Lemma
(in the geometric setting). We will mainly follow Section 2.4 from
[Yun2]. The example from Section 2.4.2 there is for the spectral curve
yr = xs [LS], which can be actually generalized to any (germs of) plane
curve singularities C such that the Jacobian factor JR at (0, 0) has the
Piontkowski-type decomposition with affine cells only.
The following discussion will be mostly restricted to type A in the
anisotropic case. Note that fractional ideals of R of degree zero are
considered in [Yun2] (and in the Fundamental Lemma) in the definition
of the compactified Jacobians.
Let 1/t = pℓ be the cardinality of a finite field F. The choice t = 1/|F|
is standard when connecting the q, t–theory of spherical functions with
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the p–adic theory (see e.g. [Ch1]), though using q instead of 1/t is
equally fine due to the super-duality of the DAHA superpolynomials.
Because we stick to the unibranch case, γ ∈ g(F((x))) is assumed
nil-elliptic: no split tori over a local field F((x)) in the stabilizer Gγ
(γ = e was used above). The affine Springer fiber Xγ is then formed by
the classes of g in the affine Grassmannian G(F((x)))/G(F[[x)]]) over
the field F such that Ad−1g (γ) ∈ g(F[[x]]). Here Lie(G) = g; see e.g.
[Yun2]. Yun denotes the corresponding parahoric, ones by XP,γ, which
contain our flagged Jacobian factors (though we do not need any g, G).
The Iwahoric Springer fibers are for P = I in his notation.
The affine Springer fiber Xγ can be naturally identified with the
compactified Jacobians for rational curves with the local ring R at
its (unique) singularity; see e.g. [La, Ch4]. A general construction is
from [Ch4]. Let G be a factorizable Lie group schemes over a smooth
projective curve E, defined by the conditions H1(E,Lie(G )) = {0} =
H0(E,Lie(G )) for the corresponding sheaf of Lie algebras Lie(G )→ E.
For a scheme subtorus T ⊂ G such that its generic fiber is a maximal
torus, embeddings f : T →֒ G become conjugations over sufficiently
general open U ⊂ E: f(ξ) = φ−1ξφ for ξ ∈ H0(U,T ) and meromorphic
sections φ = φU of G over U . Cˇech cohomology is used.
Assuming that φi exist for open Ui such that E = ∪iUi, the map
{f} ∋ f 7→ {φiφ
−1
j ∈ H
0(Ui ∩Uj ,G )} → H1(E,T ) is an isomorphism.
Actually, we use this map in the opposite direction, from H1(E,T ) to
{f}. Here H1(E,T ) is the generalized Jacobian of the cover F → E
if T = O∗F ⊂ G . Note that E can be only CP
1 or an elliptic curve;
generalized Prim varieties appear for the latter.
Let F be rational with exactly one singular point that is the whole
fiber Fo over some o∈E=CP
1; here Go must be G. Then f(T ) can be
obtained as g−1T g for rational sections g of G such that g are regular
at E \o and g−1T g are regular at Fo. Thus such g form an open subset
in the affine Springer fiber Xγ at o for a sufficiently general section γ
of Lie(T ) regular at o. For any fiber Fo, the map g 7→ g−1T g goes
through the quotient Lγ\Xγ for the group Lγ of rational sections of F
regular at F \ Fo; cf. [Yun2], Theorem 2.9 and [KL].
Type A is not necessary here, but we need this in our paper (and
anisotropic Gγ). Recall that our flagged Jacobian factors deviate from
the usual ones. First, we consider only standard R–modules. Second,
admissible D–flags D=[D0⊂D1=D0∪ {g1} . . . ⊂ Dm ] are subtle; Di
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must be D-sets and the ordering g1 < g2 < . . . < gm is imposed. This
ordering and the admissibility are quite non-trivial geometrically.
5.4. Motivic approach. Our construction results in the following
generalization of orbital integrals: tδ
∑
D q
m+|D0| am | JmR [D](F1/t) | in
type A (the nil-elliptic case), where the summation is over all admis-
sible D–flags D. Their interpretation as “natural” orbital integrals is
one of the main challenges triggered by this work. It seems doable due
to an entirely geometric nature of our approach. Let us also mention
here potential adding colors to our construction, another challenge for
us and the specialists in orbital integrals.
For sufficiently general prime p, there is solid evidence that such
sums coincide with the DAHA superpolynomials HC(; q, t, a) associ-
ated with the singularity C, which is stated in (2.7). For q= 1, a= 0,
we arrive at orbital integrals Oγ. They are expected to be |F|–integral
and positive, which matches our Main Conjecture.
It is not impossible that all classes [JmR [d]] in K0(Sch/C) are sums
of classes [A1]N over Z+, the strongest possible (motivic) assumption.
This would match known and conjectured properties of HC. It is pos-
sible that JmR [d] are always paved by affine spaces (even when J
m
R [D]
are not all affine); see Appendix A in the online version of this paper.
If (2.7) holds, then DAHA superpolynomials provide all virtual Hodge
numbers of JmR [d]. This results from Part (3) of Theorem 1 from the Ap-
pendix by N.Katz in [HR]. Following it, let E(X ; x, y) =
∑
r,s er,sx
rys
for a separated scheme X/C of finite type and virtual Hodge numbers
er,s =
∑
i(−1)
ihr,s(grr+sW (H
i
c(X
an,C))).
Then (2.7) gives that X = JmR [d] is strongly polynomial-count and
the following formula holds:
(xy)δH~r,~s (; q, 1/(xy), a) =
∑
d,m
E(JmR [d]; x, y)q
d+mam
=
∑
d,m,i,r
(−1)i qd+mam(xy)r rk(gr2rW (H
i
c(J
m
R [d],C)),(5.1)
which directly links the DAHA superpolynomials to the weight filtra-
tion in H ic(X
an,C). We use that R can be assumed over Z and then
JmR [d] are defined over a localization of Z by finitely many primes.Thus
er,s=0 for r 6=s (i.e. this is a Tate Hodge structure) and the right-hand
50 IVAN CHEREDNIK AND IAN PHILIPP
side in (2.7) can be replaced by the following Hwt(q, t, a):
H~r,~s (; q, t, a)=
∑
d,m,i,r
(−1)i qd+m tδ−r am rk(gr2rW (H
i
c(J
m
R [d],C)).(5.2)
Conclusion. In spite of some similarity of (5.2) and Theorem 9.5
[GORS], we do not see how they can be connected. First, t2st = q/t is
used there for the weight filtration instead of t in (5.2). Second, our
construction does not require affine Springer fibers and picking the cor-
responding isotypic components in their homology. Lie groups do not
appear in our approach; in a sense, this corresponds to the “endoscopy
part” of Fundamental Lemma. Third, related to the second, our ad-
missible flags are new and different from those in [GORS]. Fourth, our
approach is fully computational and we calculate well beyond torus
knots and the series in [Pi]; the examples provided in [ORS] were only
for some simple torus knots. In spite of these differences, the ORS
conjecture can be still compatible with our one, but this is not clear.
Conceptually, nested Hilbert schemes from [ORS] and similar ob-
jects in related geometry-topology and physics result in some infinite
Poincare´ series. Generally the “ultimate” problem is to transform them
into polynomials or some finite expressions, such that the resulting co-
efficients are positive integers. The latter positivity is generally much
more subtle than the positivity (if any) of the coefficients of the initial
series. In this paper, we provide the conjectural geometric interpreta-
tion for the DAHA superpolynomials via the Jacobian factors instead
of Hilbert schemes, which is therefore ultimate in the sense above.
There is recent progress with the geometric interpretation of the posi-
tivity conjecture for DAHA superpolynomials colored by symmetric or
wedge powers, but so far not with arbitrary rectangles.
We note that not many formulas are known for the stable KhR–
polynomials (the celebrated Khovanov polynomials for sl2 are excep-
tional). They are mostly for T (2m+1, 2) and no formulas are known for
iterated non-torus knots. Thus checking our geometric superpolynomi-
als versus the DAHA ones is actually the only way for iterated torus
knots; though see[ChD1] for some conditional verifications of our topo-
logical conjecture using the reduction to the Khovanov polynomials.
We do not pay any special attention to torus knots in our work.
For such knots, we generalize the approach from [GM1],[GM2], where
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a = 0. Our usage of standard modules is the key; this is not fully under-
stood geometrically, but we already have some motivic interpretation
of complete geometric superpolynomials (with all 3 parameters). We
note that even for torus knots, our flagged Jacobian factors are new.
The conditions on the corresponding Γ–modules ∆ in their definition
are not clear by now from the viewpoint of usual flagged constructions.
We plan to approach arbitrary colored algebraic links and possibly
reach arbitrary root systems our further papers. It is a must if we
want to realize the potential of DAHA in full and for connections with
p–adic orbital integrals. Also, there is a realistic program of justifying
our conjecture (related to [Ma]). It requires knowing the behavior of
our geometric superpolynomials under monoidal-type transformations
of the corresponding singularities. All of them must be considered here,
not only those for torus knots.
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Two appendices
In these two appendices we will use the notation and formula num-
bers from the main body of the paper. The first one is an important
part of the paper; it provides examples of non-affine Piontkowski cells,
i.e. those non-isomorphic to affine spaces AN . Such cells influence
the geometric superpolynomial in quite a non-trivial way. They are
differences of some affine cells, so their corresponding contributions
contain the a, q, t–monomials with negative coefficients. When t = 1,
some such cells contribute 0, i.e. behave as non-admissible ones. In
all considered examples, we calculated the geometric superpolynomials
for t = 1 for all m.
The second appendix is a complete list of all dimensions in the case
of R = C[[z6, z9 + z13]] corresponding to Γ= 〈6, 9, 22〉. It is supposed
to be used together with the table of non-affine cells in this case, which
we provide. There are many interesting properties and symmetries of
these dimensions, which we do not systematically discuss or do not
touch at all. We think that this table somewhat compensates this.
Appendix A. Non-affine cells
A.1. Puiseux exponents (6,9,13). Let us discuss the case of R =
C[[z6, z9 + z13]], the third in the table after Theorem 13 in [Pi] of the
cases beyond the technique of this paper (including counting the Euler
numbers). Here Γ = 〈6, 9, 22〉, δ = 24, the link is Cab(22, 3)T (3, 2).
Let D† be the set of entries in a D–set, which are primitive , i.e. the
minimal set of generators of the module ∆ over Γ; we omit 0. This is
obviously sufficient to recover D. We confirm the claim from [Pi] that
JR[D] is non-affine for D
†={3, 7, 10, 17, 20}, i.e. for
D=[3, 7, 10, 13, 16, 17, 19, 20, 23, 25, 26, 29, 32, 35, 38, 41, 47].
Table 8 gives all non-affine cells; we provide the corresponding D†,
d = |D|, the (biregular) type of JR[D], and the corresponding contri-
bution to the (geometric) superpolynomials. We put AN ∨ AN for the
amalgam (union) of two AN with the intersection AN−1.
The total number of modules ∆ is 605, e(JR) = 523 and the total
number of non-admissible modules is 79. The latter is not now 605−
523 = 82, since 3 modules from Table 8 of type (AN \ AN−1) do not
contribute to the Euler number. The other 3 contribute 2 − 1 = 1, as
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D†-sets |D| types q, t-terms
{3, 11, 14} 14 A17 \ A16 q14(t7 − t8)
{3, 10, 13, 20, 23} 15 A16 ∨ A16 q15(2t8 − t9)
{3, 11, 14, 19} 15 A15 \ A14 q15(t9 − t10)
{3, 8, 11, 19} 16 A15 \ A14 q16(t9 − t10)
{3, 10, 13, 17, 20} 16 A14 ∨ A14 q16(2t10 − t11)
{3, 7, 10, 17, 20} 17 A14 ∨ A14 q17(2t10 − t11)
Table 8. Non-affine JR[D] for Γ = 〈6, 9, 22〉
with ordinary affine cells. Actually, this is not the simplest example;
R = C[[z6, z9 + z11]] has 3 D and 10 D=[D0,D1] of type (AN \ AN−1).
We have a sketch of the justification that JR[d] for d from the ta-
ble are still paved by affine spaces due to the “redistribution” of cells.
Namely, each subtracted AN can be compensated by adding an affine
cell JR[D
′] to JR[D] from the table, where |D′| = |D| and JR[D′] is from
the boundary of JR[D]. For instance, (A
N ∨ AN) ∪ AN−1 = AN ∪ AN ,
where the cell AN−1 (of the same d) is taken from the boundary of the
cell (AN ∨AN ). Proposition 2.1 is used here. For instance, our analysis
gives that 2 cells with D†1= {4, 7, 10, 14, 20}, D
†
2= {4, 7, 10, 17, 20} be-
long to the boundary of that for the last entry {3, 7, 10, 17, 20} of the
table; they are with (the same!) d= |D1,2|=17 and biregular to A13.
A.2. Two-flag cells. The following is the list of all non-affine cells
for m = 1, i.e. for D–flags [D0, D1]. We will show the D
† from Table
8 by omitting the second entry. They are of importance since either
D0 or D1 are with non-affine cells if the flag [D0, D1] corresponds to a
non-affine one. This matches Proposition 2.3. However, there is plenty
of affine two-flag cells when one of the ends is non-affine. Similar to
Table 8, the type is that for N = dim and we provide the contributions
to the corresponding geometric superpolynomial.
Since there are non-affine Piontkowski cells, (2.6) is not applicable.
We checked (2.7) and the coincidence from (2.5) for the coefficients
of a0,1 and any q, t and also under t = 1 for any powers of a and
any q, understanding the admissibility of D as that of all Di, which
is potentially weaker than the actual admissibility of D but sufficient
for the match with the DAHA superpolynomial. I.e. the geometric
DAHA AND PLANE CURVE SINGULARITIES 57
D
†
0-sets D
†
1-sets dim types q, t, a-terms
{11,14,25} {3,11,14,25} 18 AN \AN−1 aq14(t6−t7)
{3,11,14} 17 AN \AN−1 q14(t7−t8)
{3,11,14} {3,11,14,16} 18 AN \AN−1 aq15(t6−t7)
{3,11,14} {3,11,14,19} 17 AN \AN−1 aq15(t7−t8)
{10,13,20,23} {3,10,13,20,23} 17 AN∨ AN aq15(2t7−t8)
{11,14,19} {3,11,14,19} 16 AN \AN−1 aq15(t8−t9)
{3,10,13,20,23} 16 AN∨ AN q15(2t8−t9)
{3,10,13,20,23} {3,10,13,14} 17 AN∨ AN aq16(2t7−t8)
{3,10,13,20,23} {3,10,13,17,20} 16 AN∨ AN aq16(2t8−t9)
{3,11,14,19} 15 AN \AN−1 q15(t9−t10)
{3,11,14,19} {3,8,11,19} 17 AN \AN−1 aq16(t7−t8)
{3,11,14,19} {3,11,13,14} 16 AN \AN−1 aq16(t8−t9)
{3,11,14,19} {3,11,14,16,19} 15 AN \AN−1 aq16(t9−t10)
{8,11,19} {3,8,11,19} 16 AN \AN−1 aq16(t8−t9)
{10,13,17,20} {3,10,13,17,20} 15 AN∨ AN aq16(2t9−t10)
{3,8,11,19} 15 AN \AN−1 q16(t9−t10)
{3,8,11,19} {3,8,11,13} 16 AN \AN−1 aq17(t8−t9)
{3,8,11,19} {3,8,11,16,19} 15 AN \AN−1 aq17(t9−t10)
{3,10,13,17,20} 14 AN∨ AN q16(2t10−t11)
{3,10,13,17,20} {3,7,10,17,20} 16 AN∨ AN aq17(2t8−t9)
{3,10,13,17,20} {3,10,11,13} 15 AN∨ AN aq17(2t9−t10)
{3,10,13,17,20} {3,10,13,14,17} 14 AN∨ AN aq17(2t10−t11)
{7,10,17,20} {3,7,10,17,20} 15 AN∨ AN aq17(2t9−t10)
{3,7,10,17,20} 14 AN∨ AN 2q17(t10−t11)
{3,7,10,17,20} {3,7,10,11} 15 AN∨ AN aq18(2t9−t10)
{3,7,10,17,20} {3,7,10,14,17} 14 AN∨ AN 2aq18(t10−t11)
Table 9. Non-affine Jm=1R [D0,D1] for Γ=〈6, 9, 22〉
superpolynomials Hhom and Hmod coincide with H~r,~s (; q, t, a) for such
q, t, a, quite a confirmation of Conjecture 2.5.
Recall that (2.7) is equivalent to (5.2) for Hwt(q, t, a) in terms of the
weight filtration. An obvious advantage of modular (2.7) vs. (2.5) is
that we do not need to understand the geometry of JR[d]. A possible
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passage to obtaining (2.5) is as follows. One can try to “recombine”
the Piontkowski cells of JR[d] (within a fixed d) to obtain affine cells;
the boundaries of JR[D] must be known for this. We have a sketch of
the corresponding theory, but it is not finished. In the considered case,
this is doable and the resulting complex provides (2.5).
The modular approach requires only counting points of JR[D] over
F1/t; the types from Table 8 are sufficient for this (knowing the bound-
aries is unnecessary). Our programs determine such types automati-
cally (algebraically) for “almost” all cells. We always combine this with
counting F1/t–points (for all cells). Note that p = 2 is the only place
of bad reduction here due to ν((z9 + z13)2 − (z6)3) = 22.
A straightforward elimination of the standard λ–parameters of our
modules M (see [Pi] and above) gives that only 9 D–cells can be po-
tentially non-affine; 6 of them from Table 8 are non-affine indeed.
A.3. Superpolynomial. Let us provide the corresponding DAHA su-
perpolynomial, which is for ~r = {3, 3}, ~s = {2, 4}. Recall that the
DAHA construction requires the matrices from PSL2(Z) with the first
columns (ri, si)
tr, namely:
(
3, ∗
2, ∗
)
= τ+τ
2
− ,
(
3, ∗
4, ∗
)
= τ−τ
2
+τ− . Then:
~r = {3, 3}, ~s = {2, 4}, T = Cab(22, 3)T (3, 2); H~r,~s ( ; q, t, a) =
1+qt+q2t+q3t+q4t+q5t+q2t2+q3t2+2q4t2+2q5t2+3q6t2+2q7t2+q8t2+
q3t3+q4t3+2q5t3+3q6t3+4q7t3+4q8t3+4q9t3+q10t3+q4t4+q5t4+2q6t4+
3q7t4+5q8t4+5q9t4+6q10t4+4q11t4+ q12t4+ q5t5+ q6t5+2q7t5+3q8t5+
5q9t5+6q10t5+7q11t5+6q12t5+4q13t5+ q14t5+ q6t6+ q7t6+2q8t6+3q9t6+
5q10t6+6q11t6+8q12t6+7q13t6+6q14t6+3q15t6+q7t7+q8t7+2q9t7+3q10t7+
5q11t7+6q12t7+8q13t7+8q14t7+7q15t7+3q16t7+q17t7+q8t8+q9t8+2q10t8+
3q11t8 + 5q12t8 + 6q13t8 + 8q14t8 + 8q15t8 + 8q16t8 + 3q17t8 + q9t9 + q10t9 +
2q11t9+3q12t9+5q13t9+6q14t9+8q15t9+8q16t9+7q17t9+3q18t9+ q10t10+
q11t10 + 2q12t10 + 3q13t10 + 5q14t10 + 6q15t10 + 8q16t10 + 8q17t10 + 6q18t10 +
q19t10 + q11t11 + q12t11 + 2q13t11 + 3q14t11 + 5q15t11 + 6q16t11 + 8q17t11 +
7q18t11 + 4q19t11 + q12t12 + q13t12 + 2q14t12 + 3q15t12 + 5q16t12 + 6q17t12 +
8q18t12 + 6q19t12 + q20t12 + q13t13 + q14t13 + 2q15t13 + 3q16t13 + 5q17t13 +
6q18t13 + 7q19t13 + 4q20t13 + q14t14 + q15t14 + 2q16t14 + 3q17t14 + 5q18t14 +
6q19t14 + 6q20t14 + q21t14 + q15t15 + q16t15 + 2q17t15 + 3q18t15 + 5q19t15 +
5q20t15 + 4q21t15 + q16t16 + q17t16 + 2q18t16 + 3q19t16 + 5q20t16 + 4q21t16 +
q22t16+q17t17+q18t17+2q19t17+3q20t17+4q21t17+2q22t17+q18t18+q19t18+
2q20t18+3q21t18+3q22t18+q19t19+q20t19+2q21t19+2q22t19+q23t19+q20t20+
q21t20+2q22t20+q23t20+q21t21+q22t21+q23t21+q22t22+q23t22+q23t23+q24t24
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+a5
(
q15+q16t+q17t+q17t2+q18t2+q19t2+q18t3+q19t3+q20t3+q21t3+q19t4+
q20t4+q21t4+q20t5+q21t5+q22t5+q21t6+q22t6+q22t7+q23t7+q23t8+q24t9
)
+a4
(
q10+q11+q12+q13+q14+q11t+2q12t+3q13t+3q14t+3q15t+q16t+q12t2+
2q13t2+4q14t2+5q15t2+5q16t2+3q17t2+q18t2+q13t3+2q14t3+4q15t3+6q16t3+
7q17t3+5q18t3+3q19t3+q20t3+q14t4+2q15t4+4q16t4+6q17t4+8q18t4+6q19t4+
3q20t4+q21t4+q15t5+2q16t5+4q17t5+6q18t5+8q19t5+6q20t5+3q21t5+q16t6+
2q17t6+4q18t6+6q19t6+8q20t6+5q21t6+q22t6+q17t7+2q18t7+4q19t7+6q20t7+
7q21t7+3q22t7+q18t8+2q19t8+4q20t8+6q21t8+5q22t8+q23t8+q19t9+2q20t9+
4q21t9+5q22t9+3q23t9+q20t10+2q21t10+4q22t10+3q23t10+q24t10+q21t11+
2q22t11+3q23t11+ q24t11+ q22t12+2q23t12+ q24t12+ q23t13+ q24t13+ q24t14
)
+a3
(
q6+ q7+2q8+2q9+2q10+ q11+ q12+ q7t+2q8t+4q9t+6q10t+7q11t+
6q12t+ 4q13t+ 2q14t+ q8t2 + 2q9t2 + 5q10t2 + 8q11t2 + 12q12t2 + 12q13t2 +
10q14t2+5q15t2+2q16t2+q9t3+2q10t3+5q11t3+9q12t3+14q13t3+17q14t3+
16q15t3+11q16t3+5q17t3+2q18t3+q10t4+2q11t4+5q12t4+9q13t4+15q14t4+
19q15t4+21q16t4+16q17t4+9q18t4+3q19t4+q20t4+q11t5+2q12t5+5q13t5+
9q14t5 + 15q15t5 + 20q16t5 + 23q17t5 + 19q18t5 + 10q19t5 + 3q20t5 + q12t6 +
2q13t6+5q14t6+9q15t6+15q16t6+20q17t6+24q18t6+19q19t6+9q20t6+2q21t6+
q13t7+2q14t7+5q15t7+9q16t7+15q17t7+20q18t7+23q19t7+16q20t7+5q21t7+
q14t8+2q15t8+5q16t8+9q17t8+15q18t8+20q19t8+21q20t8+11q21t8+2q22t8+
q15t9+2q16t9+5q17t9+9q18t9+15q19t9+19q20t9+16q21t9+5q22t9+q16t10+
2q17t10+5q18t10+9q19t10+15q20t10+17q21t10+10q22t10+2q23t10+q17t11+
2q18t11+5q19t11+9q20t11+14q21t11+12q22t11+4q23t11+ q18t12+2q19t12+
5q20t12 + 9q21t12 + 12q22t12 + 6q23t12 + q24t12 + q19t13 + 2q20t13 + 5q21t13 +
8q22t13+7q23t13+q24t13+q20t14+2q21t14+5q22t14+6q23t14+2q24t14+q21t15+
2q22t15+4q23t15+2q24t15+q22t16+2q23t16+2q24t16+q23t17+q24t17+q24t18
)
+a2
(
q3+q4+2q5+2q6+2q7+q8+q9+q4t+2q5t+4q6t+6q7t+8q8t+7q9t+
6q10t+3q11t+q12t+q5t2+2q6t2+5q7t2+8q8t2+13q9t2+15q10t2+15q11t2+
10q12t2 + 5q13t2 + q14t2 + q6t3 + 2q7t3 + 5q8t3 + 9q9t3 + 15q10t3 + 20q11t3 +
24q12t3+19q13t3+12q14t3+5q15t3+ q16t3+ q7t4+2q8t4+5q9t4+9q10t4+
16q11t4 + 22q12t4 + 29q13t4 + 28q14t4 + 21q15t4 + 11q16t4 + 4q17t4 + q18t4 +
q8t5+2q9t5+5q10t5+9q11t5+16q12t5+23q13t5+31q14t5+33q15t5+29q16t5+
16q17t5+6q18t5+ q19t5+ q9t6+2q10t6+5q11t6+9q12t6+16q13t6+23q14t6+
32q15t6+35q16t6+32q17t6+19q18t6+6q19t6+q20t6+q10t7+2q11t7+5q12t7+
9q13t7+16q14t7+23q15t7+ 32q16t7 +36q17t7 +32q18t7 +16q19t7 +4q20t7 +
q11t8+2q12t8+5q13t8+9q14t8+16q15t8+23q16t8+32q17t8+35q18t8+29q19t8+
11q20t8+q21t8+q12t9+2q13t9+5q14t9+9q15t9+16q16t9+23q17t9+32q18t9+
33q19t9 +21q20t9 +5q21t9 + q13t10 +2q14t10 + 5q15t10 +9q16t10 +16q17t10 +
23q18t10+31q19t10+28q20t10+12q21t10+q22t10+q14t11+2q15t11+5q16t11+
9q17t11+16q18t11+23q19t11+29q20t11+19q21t11+5q22t11+q15t12+2q16t12+
5q17t12+9q18t12+16q19t12+22q20t12+24q21t12+10q22t12+q23t12+q16t13+
2q17t13+5q18t13+9q19t13+16q20t13+20q21t13+15q22t13+3q23t13+q17t14+
2q18t14+5q19t14+9q20t14+15q21t14+15q22t14+6q23t14+ q18t15+2q19t15+
5q20t15 + 9q21t15 + 13q22t15 + 7q23t15 + q24t15 + q19t16 + 2q20t16 + 5q21t16 +
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8q22t16+8q23t16+q24t16+q20t17+2q21t17+5q22t17+6q23t17+2q24t17+q21t18+
2q22t18+4q23t18+2q24t18+q22t19+2q23t19+2q24t19+q23t20+q24t20+q24t21
)
+a
(
q + q2 + q3 + q4 + q5 + q2t + 2q3t + 3q4t + 4q5t + 5q6t + 4q7t + 2q8t +
q9t+ q3t2+2q4t2+4q5t2+6q6t2+9q7t2+10q8t2+9q9t2+5q10t2+2q11t2+
q4t3 +2q5t3 +4q6t3 + 7q7t3 + 11q8t3 +14q9t3+ 16q10t3 + 13q11t3 + 6q12t3 +
2q13t3+ q5t4+2q6t4+4q7t4+7q8t4+12q9t4+16q10t4+20q11t4+20q12t4+
14q13t4+6q14t4+2q15t4+ q6t5+2q7t5+4q8t5+7q9t5+12q10t5+17q11t5+
22q12t5+24q13t5+21q14t5+13q15t5+4q16t5+ q17t5+ q7t6+2q8t6+4q9t6+
7q10t6+12q11t6+17q12t6+ 23q13t6 +26q14t6 +25q15t6 +17q16t6 +7q17t6 +
q18t6+ q8t7+2q9t7+4q10t7+7q11t7+12q12t7+17q13t7+23q14t7+27q15t7+
27q16t7+18q17t7+7q18t7+ q19t7+ q9t8+2q10t8+4q11t8+7q12t8+12q13t8+
17q14t8 + 23q15t8 + 27q16t8 + 27q17t8 + 17q18t8 + 4q19t8 + q10t9 + 2q11t9 +
4q12t9+7q13t9 +12q14t9 +17q15t9+23q16t9+27q17t9+25q18t9 +13q19t9 +
2q20t9+ q11t10+2q12t10+4q13t10+7q14t10+12q15t10+17q16t10+23q17t10+
26q18t10+21q19t10+6q20t10+q12t11+2q13t11+4q14t11+7q15t11+12q16t11+
17q17t11+23q18t11+24q19t11+14q20t11+2q21t11+q13t12+2q14t12+4q15t12+
7q16t12+12q17t12+17q18t12+22q19t12+20q20t12+6q21t12+q14t13+2q15t13+
4q16t13+7q17t13+12q18t13+17q19t13+20q20t13+13q21t13+2q22t13+q15t14+
2q16t14+4q17t14+7q18t14+12q19t14+16q20t14+16q21t14+5q22t14+q16t15+
2q17t15+4q18t15 +7q19t15+12q20t15+14q21t15 +9q22t15+ q23t15+ q17t16 +
2q18t16+4q19t16+7q20t16+11q21t16+10q22t16+2q23t16+ q18t17+2q19t17+
4q20t17 + 7q21t17 + 9q22t17 + 4q23t17 + q19t18 + 2q20t18 + 4q21t18 + 6q22t18 +
5q23t18 + q20t19 + 2q21t19 + 4q22t19 + 4q23t19 + q24t19 + q21t20 + 2q22t20 +
3q23t20 + q24t20 + q22t21 + 2q23t21 + q24t21 + q23t22 + q24t22 + q24t23
)
.
Concerning practical aspects, the production of this DAHA super-
polynomial requires a couple of minutes. About the same time is
needed to calculate all dimensions of JR[D], including the list of non-
admissible modules and potentially non-affine cells. Such a calculation
with Jm=1R [D] takes about 10 minutes.
A.4. Exponents (6,9,14),(6,9,16). An example of a cell which type
is different from those in Table 8 is for R = C[[z6, z9 + z14]], where
Γ = 〈6, 9, 23〉, δ = 25 and the corresponding link is Cab(23, 3)T (3, 2).
Namely, there is exactly one cell JR[D] for D
† = {3, 10, 13, 20} that is
biregular to (A15\A14)∪(A15\A14); here |D| = 16, the union is disjoint
and the contribution to the superpolynomial is 2aq16(t9 − t10). This is
the simplest disconnected D-cell we found. For 2-flags, new types of
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cells are of the same kind (AN \ AN−1) ∪ (AN \ AN−1); they are:
D
†
0 = {10, 13, 20}, D
†
1 = {3, 10, 13, 20}, dim=17, 2aq
16(t8 − t9),
D
†
0 = {3, 10, 13, 20}, D
†
1 = {3, 10, 13, 14}, dim=17, 2aq
17(t8 − t9),
D
†
0 = {3, 10, 13, 20}, D
†
1 = {3, 10, 13, 17, 20}, dim=16, 2aq
17(t9−t10).
Also, there are 4 + 5 non-affine ”old” D–cells of types AN \ AN−1 and
AN∨AN . The total number of non-affine cells form = 0, 1 (contributing
to a0,1) is 44. It takes about 5 min to calculate all dimJR[D] and about
30 min for obtaining all dimJm=1R [D0, D1]. The computer program
almost always finds the types of non-affine cells (reporting questionable
cases). The match with the DAHA-superpolynomial for the coefficients
of a0,1 or under t = 1 (any q, a) is perfect.
In the case R = C[[z6, z9+ z16]], where Γ = 〈6, 9, 25〉, δ = 27 and the
corresponding link is Cab(25, 3)T (3, 2), (exactly) one new type of cells
JR[D] appears. There is a unique cell of the following kind:
D† = {3, 10, 13, 20, 23}, |D|=18, dim=16, JR[D] ∼= A1 ∪ A2 ∪A3,
Ai ∼= A
16, A1 ∩A2 ∼= A
15 ∼= A2 ∩A3, A1 ∩ A2 ∩A3 = A1 ∩A3 ∼= A
14.
Accordingly, its contribution to the geometric superpolynomial equals
aq18(3t11− 2t12); 11 = δ− 16 = 27− 16. The new types for 2–flags are
of the same kind; they (and their contributions) are as follows:
D
†
0={10, 13, 20, 23}, D
†
1={3, 10, 13, 20, 23}, dim=17, aq
18(3t10−2t11),
D
†
0={3, 10, 13, 20, 23}, D
†
1={3, 10, 13, 14}, dim=17, aq
19(3t10−2t11),
D
†
0={3, 10, 13, 20, 23}, D
†
1={3, 10, 13, 17, 20}, dim=16, aq
19(3t11−2t12).
The number of all non-affine cells is 62 (m = 0, 1) in this case; the
match with the DAHA-superpolynomial at a0,1 is perfect for thisR.The
similarity with the previous 1+3 “new cells” for C[[z6, z9+z14]] of type
2(AN \ AN−1) is hardly accidental; indeed, we just add 23 to D0,1.
We performed the same calculation (and the check vs. DAHA) for
C[[z6, z9 + z17]] (which took about 300 min). The total number of
non-affine cells becomes 85 (m = 0, 1) and no “new types” appear vs.
the previous R. The total number of D–flags for m = 0, 1 is 3102.
Due to our extensive numerical experiments, we expect that non-affine
Piontkowski cells can be only as described above (4 types) for the whole
family R = C[[z6, z9 + z3p±1]] with any p ≥ 4.
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Appendix B. Dimensions for (6,9,13)
In the case of R = C[[z6, z9 + z13]] with Γ = 〈6, 9, 22〉, we will pro-
vide all dimensions dimJm=0,1R [D]. The corresponding exponents are
(6, 9, 13) in this case. Importantly, the cells Jm=0,1R [D] are not always
affine; use Table 9 for Γ=〈6, 9, 22〉 for the list of non-affine cells in this
case. The types and the “generic” dimension are sufficient to determine
the corresponding contribution to the geometric superpolynomial.
The dimension tables for such m = 0, 1 (and the corresponding
full DAHA superpolynomials) are also available upon request for R =
C[[z6, z9 + z14,16]]. We also constantly calculate the geometric super-
polynomials for any m under q = 1 in these and all considered exam-
ples, which will not be provided.
Only D†0 or D
†
1 are shown in the table followed by the correspond-
ing dimensions and |D0| (after dimJR[D0]) for the lines without ”+”.
We note that |D0| is needed to be shown since it is not immediate
to calculate it in terms of primitive D†0, though the latter of course
uniquely determines D0. For the lines with ”+”, we put D
†
1 followed
by dimJm=1R [D0, D1]; recall that |D1| = |D0| + 1. The corresponding
D†0 must be taken from the closest previous entry without ”+”.
We fill the first row, then the second and so on; by na we mean non-
admissible D–flags (which do not contribute to the superpolynomial).
Let us mention that Tables 8, 9 are actually special cases of the
the below table. For instance, dimJR[D] = 16 for D corresponding to
D† = {3, 10, 13, 20, 23} (find below this D† in lines without +), which
contribute q15(2t8− t9) according to Tables 8, 9. If this cell were affine,
it would result in pure q15t8, where 8 = δ − dimC JR[D] = 24− 16.
The match with the corresponding coefficients of DAHA superpoly-
nomial is perfect, as well as in the case of Γ = 〈6, 9, 23〉 (which will
not be discussed here). The dimensions are provided below. Note that
there are exactly 5 pairs {D0, D1} of maximal cell-dimension δ = 24:
{[∅], [47]} , {[47], [38, 47]} , {[38, 47], [25, 38, 47]},
{[25, 38, 47], [16, 25, 38, 47]} , {[16, 25, 38, 47], [3, 16, 25, 38, 47]},
which contribute a(q + q2 + q3 + q4 + q5) to the superpolynomial from
Section A.3. In terms of the primitive D† in the flags (used in the table
below instead of the “complete” D) they are:
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{
{ }, {47}
}
,
{
{47}, {38}
}
,
{
{38}, {25, 38}
}
,
{
{25, 38}, {16}
}
,
{
{16}, {3, 16}
}
.
The table of dimensions for Γ=〈6, 9, 22〉 is as follows:
{ } : 24,0 +{ 47}: 24 { 47} : 23,1
+{ 25}: na +{ 38}: 24 +{ 41}: 23
{ 25} : na,2 { 38} : 23,2 +{ 25, 38}: 24
+{ 38, 41}: 23 { 41} : 22,2 +{ 25, 41}: na
+{ 35}: 23 +{ 38, 41}: 22 { 3} : na,3
{ 25, 38} : 23,3 +{ 3, 38}: na +{ 16}: 24
+{ 25, 38, 41}: 23 { 25, 41} : na,3 { 35} : 22,3
+{ 25, 35}: 23 +{ 35, 38}: 22 { 38, 41} : 21,3
+{ 25, 38, 41}: 23 +{ 32}: 22 +{ 35, 38}: 21
{ 3, 38} : na,4 { 3, 41} : na,4 { 16} : 23,4
+{ 3, 16}: 24 +{ 16, 41}: 23 { 19} : na,4
{ 25, 35} : 22,4 +{ 3, 35}: na +{ 19, 35}: 23
+{ 25, 35, 38}: 22 { 25, 38, 41} : 22,4 +{ 3, 38, 41}: na
+{ 16, 41}: 23 +{ 19, 38}: na +{ 25, 32}: 23
+{ 25, 35, 38}: 22 { 32} : 21,4 +{ 25, 32}: 22
+{ 32, 35}: 21 { 35, 38} : 20,4 +{ 25, 35, 38}: 22
+{ 29}: 21 +{ 32, 35}: 20 { 3, 16} : 23,5
+{ 3, 16, 41}: 23 { 3, 19} : na,5 { 3, 35} : na,5
{ 3, 38, 41} : na,5 { 16, 41} : 22,5 +{ 3, 16, 41}: 23
+{ 16, 19}: na +{ 16, 32}: 23 +{ 16, 35}: 22
{ 19, 35} : 22,5 +{ 3, 19, 35}: na +{ 13}: 23
+{ 19, 35, 38}: 22 { 19, 38} : na,5 { 25, 32} : 21,5
+{ 3, 32}: na +{ 16, 32}: 23 +{ 19, 32}: 22
+{ 25, 32, 35}: 21 { 25, 35, 38} : 21,5 +{ 3, 35, 38}: na
+{ 16, 35}: 22 +{ 19, 35, 38}: 22 +{ 25, 29}: 22
+{ 25, 32, 35}: 21 { 29} : 20,5 +{ 25, 29}: 21
+{ 29, 32}: 20 { 32, 35} : 19,5 +{ 25, 32, 35}: 21
+{ 26}: 20 +{ 29, 32}: 19 { 3, 16, 41} : 22,6
+{ 3, 16, 19}: na +{ 3, 16, 32}: 23 +{ 3, 16, 35}: 22
{ 3, 19, 35} : na,6 { 3, 19, 38} : na,6 { 3, 32} : na,6
{ 3, 35, 38} : na,6 { 13} : 22,6 +{ 3, 13}: 23
+{ 13, 38}: 22 { 16, 19} : na,6 { 16, 32} : 22,6
+{ 3, 16, 32}: 23 +{ 16, 19, 32}: 23 +{ 16, 32, 35}: 22
{ 16, 35} : 21,6 +{ 3, 16, 35}: 22 +{ 16, 19, 35}: na
+{ 16, 29}: 22 +{ 16, 32, 35}: 21 { 19, 32} : 21,6
+{ 3, 19, 32}: na +{ 16, 19, 32}: 22 +{ 19, 32, 35}: 21
{ 19, 35, 38} : 21,6 +{ 3, 19, 35, 38}: na +{ 13, 38}: 22
+{ 16, 19, 35}: na +{ 19, 29}: 22 +{ 19, 32, 35}: 21
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{ 25, 29} : 20,6 +{ 3, 29}: na +{ 16, 29}: 22
+{ 19, 29}: 21 +{ 25, 29, 32}: 20 { 25, 32, 35} : 20,6
+{ 3, 32, 35}: na +{ 16, 32, 35}: 21 +{ 19, 32, 35}: 21
+{ 25, 26}: 21 +{ 25, 29, 32}: 20 { 26} : 19,6
+{ 25, 26}: 20 +{ 26, 29}: 19 { 29, 32} : 18,6
+{ 23}: 20 +{ 25, 29, 32}: 19 +{ 26, 29}: 18
{ 3, 13} : 22,7 +{ 3, 13, 38}: 22 { 3, 16, 19} : na,7
{ 3, 16, 32} : 22,7 +{ 3, 16, 19, 32}: 23 +{ 3, 16, 32, 35}: 22
{ 3, 16, 35} : 21,7 +{ 3, 16, 19, 35}: na +{ 3, 16, 29}: 22
+{ 3, 16, 32, 35}: 21 { 3, 19, 32} : na,7 { 3, 19, 35, 38} : na,7
{ 3, 29} : na,7 { 3, 32, 35} : na,7 { 13, 38} : 21,7
+{ 3, 13, 38}: 22 +{ 13, 16}: na +{ 13, 29}: 22
+{ 13, 32}: 21 { 16, 19, 32} : 21,7 +{ 3, 16, 19, 32}: 23
+{ 10}: 22 +{ 16, 19, 32, 35}: 21 { 16, 19, 35} : na,7
{ 16, 29} : 21,7 +{ 3, 16, 29}: 22 +{ 16, 19, 29}: 22
+{ 16, 29, 32}: 21 { 16, 32, 35} : 20,7 +{ 3, 16, 32, 35}: 21
+{ 16, 19, 32, 35}: 22 +{ 16, 26}: 21 +{ 16, 29, 32}: 20
{ 19, 29} : 20,7 +{ 3, 19, 29}: na +{ 13, 29}: 22
+{ 16, 19, 29}: 21 +{ 19, 29, 32}: 20 { 19, 32, 35} : 20,7
+{ 3, 19, 32, 35}: na +{ 13, 32}: 21 +{ 16, 19, 32, 35}: 21
+{ 19, 26}: 21 +{ 19, 29, 32}: 20 { 23} : 19,7
+{ 23, 25}: 20 +{ 23, 26}: 19 { 25, 26} : 19,7
+{ 3, 26}: na +{ 16, 26}: 21 +{ 19, 26}: 20
+{ 25, 26, 29}: 19 { 25, 29, 32} : 18,7 +{ 3, 29, 32}: na
+{ 16, 29, 32}: 20 +{ 19, 29, 32}: 20 +{ 23, 25}: 19
+{ 25, 26, 29}: 18 { 26, 29} : 17,7 +{ 20}: 19
+{ 23, 26}: 18 +{ 25, 26, 29}: 17 { 3, 13, 38} : 21,8
+{ 3, 13, 16}: na +{ 3, 13, 29}: 22 +{ 3, 13, 32}: 21
{ 3, 16, 19, 32} : 22,8 +{ 3, 10}: 23 +{ 3, 16, 19, 32, 35}: 22
{ 3, 16, 19, 35} : na,8 { 3, 16, 29} : 21,8 +{ 3, 16, 19, 29}: 22
+{ 3, 16, 29, 32}: 21 { 3, 16, 32, 35} : 20,8 +{ 3, 16, 19, 32, 35}: 22
+{ 3, 16, 26}: 21 +{ 3, 16, 29, 32}: 20 { 3, 19, 29} : na,8
{ 3, 19, 32, 35} : na,8 { 3, 26} : na,8 { 3, 29, 32} : na,8
{ 10} : 21,8 +{ 3, 10}: 22 +{ 10, 35}: 21
{ 13, 16} : na,8 { 13, 29} : 21,8 +{ 3, 13, 29}: 22
+{ 13, 16, 29}: 22 +{ 13, 29, 32}: 21 { 13, 32} : 20,8
+{ 3, 13, 32}: 21 +{ 13, 16, 32}: na +{ 13, 26}: 21
+{ 13, 29, 32}: 20 { 16, 19, 29} : 20,8 +{ 3, 16, 19, 29}: 22
+{ 13, 16, 29}: 21 +{ 16, 19, 29, 32}: 20 { 16, 19, 32, 35} : 20,8
+{ 3, 16, 19, 32, 35}: 22 +{ 10, 35}: 21 +{ 13, 16, 32}: na
+{ 16, 19, 26}: 21 +{ 16, 19, 29, 32}: 20 { 16, 26} : 20,8
+{ 3, 16, 26}: 21 +{ 16, 19, 26}: 21 +{ 16, 26, 29}: 20
{ 16, 29, 32} : 19,8 +{ 3, 16, 29, 32}: 20 +{ 16, 19, 29, 32}: 21
+{ 16, 23}: 20 +{ 16, 26, 29}: 19 { 19, 26} : 19,8
+{ 3, 19, 26}: na +{ 13, 26}: 21 +{ 16, 19, 26}: 20
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+{ 19, 26, 29}: 19 { 19, 29, 32} : 19,8 +{ 3, 19, 29, 32}: na
+{ 13, 29, 32}: 20 +{ 16, 19, 29, 32}: 20 +{ 19, 23}: 20
+{ 19, 26, 29}: 19 { 20} : 18,8 +{ 20, 23}: 19
+{ 20, 25}: 18 { 23, 25} : 18,8 +{ 3, 23}: na
+{ 16, 23}: 20 +{ 19, 23}: 19 +{ 23, 25, 26}: 18
{ 23, 26} : 17,8 +{ 17}: 19 +{ 20, 23}: 18
+{ 23, 25, 26}: 17 { 25, 26, 29} : 16,8 +{ 3, 26, 29}: na
+{ 16, 26, 29}: 19 +{ 19, 26, 29}: 18 +{ 20, 25}: 17
+{ 23, 25, 26}: 16 { 3, 10} : 21,9 +{ 3, 10, 35}: 21
{ 3, 13, 16} : na,9 { 3, 13, 29} : 21,9 +{ 3, 13, 16, 29}: 22
+{ 3, 13, 29, 32}: 21 { 3, 13, 32} : 20,9 +{ 3, 13, 16, 32}: na
+{ 3, 13, 26}: 21 +{ 3, 13, 29, 32}: 20 { 3, 16, 19, 29} : 21,9
+{ 3, 13, 16, 29}: 22 +{ 3, 16, 19, 29, 32}: 21 { 3, 16, 19, 32, 35} : 21,9
+{ 3, 10, 35}: 22 +{ 3, 13, 16, 32}: na +{ 3, 16, 19, 26}: 22
+{ 3, 16, 19, 29, 32}: 21 { 3, 16, 26} : 20,9 +{ 3, 16, 19, 26}: 21
+{ 3, 16, 26, 29}: 20 { 3, 16, 29, 32} : 19,9 +{ 3, 16, 19, 29, 32}: 21
+{ 3, 16, 23}: 20 +{ 3, 16, 26, 29}: 19 { 3, 19, 26} : na,9
{ 3, 19, 29, 32} : na,9 { 3, 23} : na,9 { 3, 26, 29} : na,9
{ 10, 35} : 20,9 +{ 3, 10, 35}: 21 +{ 10, 13}: na
+{ 10, 26}: 21 +{ 10, 29}: 20 { 13, 16, 29} : 20,9
+{ 3, 13, 16, 29}: 22 +{ 7}: 21 +{ 13, 16, 29, 32}: 20
{ 13, 16, 32} : na,9 { 13, 26} : 20,9 +{ 3, 13, 26}: 21
+{ 13, 16, 26}: 21 +{ 13, 26, 29}: 20 { 13, 29, 32} : 19,9
+{ 3, 13, 29, 32}: 20 +{ 13, 16, 29, 32}: 21 +{ 13, 23}: 20
+{ 13, 26, 29}: 19 { 16, 19, 26} : 19,9 +{ 3, 16, 19, 26}: 21
+{ 10, 26}: 21 +{ 13, 16, 26}: 20 +{ 16, 19, 26, 29}: 19
{ 16, 19, 29, 32} : 19,9 +{ 3, 16, 19, 29, 32}: 21 +{ 10, 29}: 20
+{ 13, 16, 29, 32}: 20 +{ 16, 19, 23}: 20 +{ 16, 19, 26, 29}: 19
{ 16, 23} : 19,9 +{ 3, 16, 23}: 20 +{ 16, 19, 23}: 20
+{ 16, 23, 26}: 19 { 16, 26, 29} : 18,9 +{ 3, 16, 26, 29}: 19
+{ 16, 19, 26, 29}: 20 +{ 16, 20}: 19 +{ 16, 23, 26}: 18
{ 17} : 18,9 +{ 17, 20}: 19 +{ 17, 25}: 18
{ 19, 23} : 18,9 +{ 3, 19, 23}: na +{ 13, 23}: 20
+{ 16, 19, 23}: 19 +{ 19, 23, 26}: 18 { 19, 26, 29} : 17,9
+{ 3, 19, 26, 29}: na +{ 13, 26, 29}: 19 +{ 16, 19, 26, 29}: 19
+{ 19, 20}: 18 +{ 19, 23, 26}: 17 { 20, 23} : 17,9
+{ 14}: 19 +{ 17, 20}: 18 +{ 20, 23, 25}: 17
{ 20, 25} : 16,9 +{ 3, 20}: na +{ 16, 20}: 18
+{ 19, 20}: 17 +{ 20, 23, 25}: 16 { 23, 25, 26} : 15,9
+{ 3, 23, 26}: na +{ 16, 23, 26}: 18 +{ 17, 25}: 17
+{ 19, 23, 26}: 16 +{ 20, 23, 25}: 15 { 3, 10, 35} : 20,10
+{ 3, 10, 13}: na +{ 3, 10, 26}: 21 +{ 3, 10, 29}: 20
{ 3, 13, 16, 29} : 21,10 +{ 3, 7}: 22 +{ 3, 13, 16, 29, 32}: 21
{ 3, 13, 16, 32} : na,10 { 3, 13, 26} : 20,10 +{ 3, 13, 16, 26}: 21
+{ 3, 13, 26, 29}: 20 { 3, 13, 29, 32} : 19,10 +{ 3, 13, 16, 29, 32}: 21
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+{ 3, 13, 23}: 20 +{ 3, 13, 26, 29}: 19 { 3, 16, 19, 26} : 20,10
+{ 3, 10, 26}: 22 +{ 3, 13, 16, 26}: 21 +{ 3, 16, 19, 26, 29}: 20
{ 3, 16, 19, 29, 32} : 20,10 +{ 3, 10, 29}: 21 +{ 3, 13, 16, 29, 32}: 21
+{ 3, 16, 19, 23}: 21 +{ 3, 16, 19, 26, 29}: 20 { 3, 16, 23} : 19,10
+{ 3, 16, 19, 23}: 20 +{ 3, 16, 23, 26}: 19 { 3, 16, 26, 29} : 18,10
+{ 3, 16, 19, 26, 29}: 20 +{ 3, 16, 20}: 19 +{ 3, 16, 23, 26}: 18
{ 3, 19, 23} : na,10 { 3, 19, 26, 29} : na,10 { 3, 20} : na,10
{ 3, 23, 26} : na,10 { 7} : 20,10 +{ 3, 7}: 21
+{ 7, 32}: 20 { 10, 13} : na,10 { 10, 26} : 20,10
+{ 3, 10, 26}: 21 +{ 10, 13, 26}: 21 +{ 10, 26, 29}: 20
{ 10, 29} : 19,10 +{ 3, 10, 29}: 20 +{ 10, 13, 29}: na
+{ 10, 23}: 20 +{ 10, 26, 29}: 19 { 13, 16, 26} : 19,10
+{ 3, 13, 16, 26}: 21 +{ 10, 13, 26}: 20 +{ 13, 16, 26, 29}: 19
{ 13, 16, 29, 32} : 19,10 +{ 3, 13, 16, 29, 32}: 21 +{ 7, 32}: 20
+{ 10, 13, 29}: na +{ 13, 16, 23}: 20 +{ 13, 16, 26, 29}: 19
{ 13, 23} : 19,10 +{ 3, 13, 23}: 20 +{ 13, 16, 23}: 20
+{ 13, 23, 26}: 19 { 13, 26, 29} : 18,10 +{ 3, 13, 26, 29}: 19
+{ 13, 16, 26, 29}: 20 +{ 13, 20}: 19 +{ 13, 23, 26}: 18
{ 14} : 18,10 +{ 14, 17}: 19 +{ 14, 25}: 18
{ 16, 19, 23} : 18,10 +{ 3, 16, 19, 23}: 20 +{ 10, 23}: 20
+{ 13, 16, 23}: 19 +{ 16, 19, 23, 26}: 18 { 16, 19, 26, 29} : 18,10
+{ 3, 16, 19, 26, 29}: 20 +{ 10, 26, 29}: 19 +{ 13, 16, 26, 29}: 19
+{ 16, 19, 20}: 19 +{ 16, 19, 23, 26}: 18 { 16, 20} : 17,10
+{ 3, 16, 20}: 19 +{ 16, 19, 20}: 18 +{ 16, 20, 23}: 17
{ 16, 23, 26} : 17,10 +{ 3, 16, 23, 26}: 18 +{ 16, 17}: 19
+{ 16, 19, 23, 26}: 18 +{ 16, 20, 23}: 17 { 17, 20} : 17,10
+{ 11}: 19 +{ 14, 17}: 18 +{ 17, 20, 25}: 17
{ 17, 25} : 16,10 +{ 3, 17}: na +{ 16, 17}: 18
+{ 17, 19}: 17 +{ 17, 20, 25}: 16 { 19, 20} : 16,10
+{ 3, 19, 20}: na +{ 13, 20}: 18 +{ 16, 19, 20}: 17
+{ 19, 20, 23}: 16 { 19, 23, 26} : 15,10 +{ 3, 19, 23, 26}: na
+{ 13, 23, 26}: 18 +{ 16, 19, 23, 26}: 17 +{ 17, 19}: 16
+{ 19, 20, 23}: 15 { 20, 23, 25} : 14,10 +{ 3, 20, 23}: na
+{ 14, 25}: 17 +{ 16, 20, 23}: 16 +{ 17, 20, 25}: 15
+{ 19, 20, 23}: 14 { 3, 7} : 20,11 +{ 3, 7, 32}: 20
{ 3, 10, 13} : na,11 { 3, 10, 26} : 20,11 +{ 3, 10, 13, 26}: 21
+{ 3, 10, 26, 29}: 20 { 3, 10, 29} : 19,11 +{ 3, 10, 13, 29}: na
+{ 3, 10, 23}: 20 +{ 3, 10, 26, 29}: 19 { 3, 13, 16, 26} : 20,11
+{ 3, 10, 13, 26}: 21 +{ 3, 13, 16, 26, 29}: 20 { 3, 13, 16, 29, 32} : 20,11
+{ 3, 7, 32}: 21 +{ 3, 10, 13, 29}: na +{ 3, 13, 16, 23}: 21
+{ 3, 13, 16, 26, 29}: 20 { 3, 13, 23} : 19,11 +{ 3, 13, 16, 23}: 20
+{ 3, 13, 23, 26}: 19 { 3, 13, 26, 29} : 18,11 +{ 3, 13, 16, 26, 29}: 20
+{ 3, 13, 20}: 19 +{ 3, 13, 23, 26}: 18 { 3, 16, 19, 23} : 19,11
+{ 3, 10, 23}: 21 +{ 3, 13, 16, 23}: 20 +{ 3, 16, 19, 23, 26}: 19
{ 3, 16, 19, 26, 29} : 19,11 +{ 3, 10, 26, 29}: 20 +{ 3, 13, 16, 26, 29}: 20
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+{ 3, 16, 19, 20}: 20 +{ 3, 16, 19, 23, 26}: 19 { 3, 16, 20} : 18,11
+{ 3, 16, 19, 20}: 19 +{ 3, 16, 20, 23}: 18 { 3, 16, 23, 26} : 17,11
+{ 3, 16, 17}: 19 +{ 3, 16, 19, 23, 26}: 18 +{ 3, 16, 20, 23}: 17
{ 3, 17} : na,11 { 3, 19, 20} : na,11 { 3, 19, 23, 26} : na,11
{ 3, 20, 23} : na,11 { 7, 32} : 19,11 +{ 3, 7, 32}: 20
+{ 7, 10}: na +{ 7, 23}: 20 +{ 7, 26}: 19
{ 10, 13, 26} : 19,11 +{ 3, 10, 13, 26}: 21 +{ 4}: 20
+{ 10, 13, 26, 29}: 19 { 10, 13, 29} : na,11 { 10, 23} : 19,11
+{ 3, 10, 23}: 20 +{ 10, 13, 23}: 20 +{ 10, 23, 26}: 19
{ 10, 26, 29} : 18,11 +{ 3, 10, 26, 29}: 19 +{ 10, 13, 26, 29}: 20
+{ 10, 20}: 19 +{ 10, 23, 26}: 18 { 11} : 18,11
+{ 11, 14}: 19 +{ 11, 25}: 18 { 13, 16, 23} : 18,11
+{ 3, 13, 16, 23}: 20 +{ 7, 23}: 20 +{ 10, 13, 23}: 19
+{ 13, 16, 23, 26}: 18 { 13, 16, 26, 29} : 18,11 +{ 3, 13, 16, 26, 29}: 20
+{ 7, 26}: 19 +{ 10, 13, 26, 29}: 19 +{ 13, 16, 20}: 19
+{ 13, 16, 23, 26}: 18 { 13, 20} : 17,11 +{ 3, 13, 20}: 19
+{ 13, 16, 20}: 18 +{ 13, 20, 23}: 17 { 13, 23, 26} : 17,11
+{ 3, 13, 23, 26}: 18 +{ 13, 16, 23, 26}: 19 +{ 13, 17}: 18
+{ 13, 20, 23}: 17 { 14, 17} : 17,11 +{ 8}: 19
+{ 11, 14}: 18 +{ 14, 17, 25}: 17 { 14, 25} : 16,11
+{ 3, 14}: na +{ 14, 16}: 18 +{ 14, 17, 25}: 17
+{ 14, 19}: 16 { 16, 17} : 17,11 +{ 3, 16, 17}: 19
+{ 16, 17, 19}: 18 +{ 16, 17, 20}: 17 { 16, 19, 20} : 16,11
+{ 3, 16, 19, 20}: 19 +{ 10, 20}: 18 +{ 13, 16, 20}: 17
+{ 16, 19, 20, 23}: 16 { 16, 19, 23, 26} : 16,11 +{ 3, 16, 19, 23, 26}: 18
+{ 10, 23, 26}: 18 +{ 13, 16, 23, 26}: 18 +{ 16, 17, 19}: 17
+{ 16, 19, 20, 23}: 16 { 16, 20, 23} : 15,11 +{ 3, 16, 20, 23}: 17
+{ 14, 16}: 17 +{ 16, 17, 20}: 16 +{ 16, 19, 20, 23}: 15
{ 17, 19} : 15,11 +{ 3, 17, 19}: na +{ 13, 17}: 17
+{ 16, 17, 19}: 16 +{ 17, 19, 20}: 15 { 17, 20, 25} : 14,11
+{ 3, 17, 20}: na +{ 11, 25}: 17 +{ 14, 17, 25}: 16
+{ 16, 17, 20}: 15 +{ 17, 19, 20}: 14 { 19, 20, 23} : 13,11
+{ 3, 19, 20, 23}: na +{ 13, 20, 23}: 16 +{ 14, 19}: 15
+{ 16, 19, 20, 23}: 14 +{ 17, 19, 20}: 13 { 3, 7, 32} : 19,12
+{ 3, 7, 10}: na +{ 3, 7, 23}: 20 +{ 3, 7, 26}: 19
{ 3, 10, 13, 26} : 20,12 +{ 3, 4}: 21 +{ 3, 10, 13, 26, 29}: 20
{ 3, 10, 13, 29} : na,12 { 3, 10, 23} : 19,12 +{ 3, 10, 13, 23}: 20
+{ 3, 10, 23, 26}: 19 { 3, 10, 26, 29} : 18,12 +{ 3, 10, 13, 26, 29}: 20
+{ 3, 10, 20}: 19 +{ 3, 10, 23, 26}: 18 { 3, 13, 16, 23} : 19,12
+{ 3, 7, 23}: 21 +{ 3, 10, 13, 23}: 20 +{ 3, 13, 16, 23, 26}: 19
{ 3, 13, 16, 26, 29} : 19,12 +{ 3, 7, 26}: 20 +{ 3, 10, 13, 26, 29}: 20
+{ 3, 13, 16, 20}: 20 +{ 3, 13, 16, 23, 26}: 19 { 3, 13, 20} : 18,12
+{ 3, 13, 16, 20}: 19 +{ 3, 13, 20, 23}: 18 { 3, 13, 23, 26} : 17,12
+{ 3, 13, 16, 23, 26}: 19 +{ 3, 13, 17}: 18 +{ 3, 13, 20, 23}: 17
{ 3, 14} : na,12 { 3, 16, 17} : 18,12 +{ 3, 16, 17, 19}: 19
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+{ 3, 16, 17, 20}: 18 { 3, 16, 19, 20} : 18,12 +{ 3, 10, 20}: 20
+{ 3, 13, 16, 20}: 19 +{ 3, 16, 19, 20, 23}: 18 { 3, 16, 19, 23, 26} : 17,12
+{ 3, 10, 23, 26}: 19 +{ 3, 13, 16, 23, 26}: 19 +{ 3, 16, 17, 19}: 18
+{ 3, 16, 19, 20, 23}: 17 { 3, 16, 20, 23} : 16,12 +{ 3, 14, 16}: 18
+{ 3, 16, 17, 20}: 17 +{ 3, 16, 19, 20, 23}: 16 { 3, 17, 19} : na,12
{ 3, 17, 20} : na,12 { 3, 19, 20, 23} : na,12 { 4} : 19,12
+{ 3, 4}: 20 +{ 4, 29}: 19 { 7, 10} : na,12
{ 7, 23} : 19,12 +{ 3, 7, 23}: 20 +{ 7, 10, 23}: 20
+{ 7, 23, 26}: 19 { 7, 26} : 18,12 +{ 3, 7, 26}: 19
+{ 7, 10, 26}: na +{ 7, 20}: 19 +{ 7, 23, 26}: 18
{ 8} : 18,12 +{ 8, 11}: 19 +{ 8, 25}: 18
{ 10, 13, 23} : 18,12 +{ 3, 10, 13, 23}: 20 +{ 7, 10, 23}: 19
+{ 10, 13, 23, 26}: 18 { 10, 13, 26, 29} : 18,12 +{ 3, 10, 13, 26, 29}: 20
+{ 4, 29}: 19 +{ 7, 10, 26}: na +{ 10, 13, 20}: 19
+{ 10, 13, 23, 26}: 18 { 10, 20} : 17,12 +{ 3, 10, 20}: 19
+{ 10, 13, 20}: 18 +{ 10, 20, 23}: 17 { 10, 23, 26} : 17,12
+{ 3, 10, 23, 26}: 18 +{ 10, 13, 23, 26}: 19 +{ 10, 17}: 18
+{ 10, 20, 23}: 17 { 11, 14} : 17,12 +{ 5}: 19
+{ 8, 11}: 18 +{ 11, 14, 25}: 17 { 11, 25} : 16,12
+{ 3, 11}: na +{ 11, 14, 25}: 18 +{ 11, 16}: 17
+{ 11, 19}: 16 { 13, 16, 20} : 16,12 +{ 3, 13, 16, 20}: 19
+{ 7, 20}: 18 +{ 10, 13, 20}: 17 +{ 13, 16, 20, 23}: 16
{ 13, 16, 23, 26} : 17,12 +{ 3, 13, 16, 23, 26}: 19 +{ 7, 23, 26}: 18
+{ 10, 13, 23, 26}: 18 +{ 13, 16, 17}: 18 +{ 13, 16, 20, 23}: 17
{ 13, 17} : 16,12 +{ 3, 13, 17}: 18 +{ 13, 16, 17}: 17
+{ 13, 17, 20}: 16 { 13, 20, 23} : 15,12 +{ 3, 13, 20, 23}: 17
+{ 13, 14}: 17 +{ 13, 16, 20, 23}: 16 +{ 13, 17, 20}: 15
{ 14, 16} : 16,12 +{ 3, 14, 16}: 18 +{ 14, 16, 17}: 17
+{ 14, 16, 19}: 16 { 14, 17, 25} : 15,12 +{ 3, 14, 17}: na
+{ 8, 25}: 17 +{ 11, 14, 25}: 17 +{ 14, 16, 17}: 16
+{ 14, 17, 19}: 15 { 14, 19} : 14,12 +{ 3, 14, 19}: na
+{ 13, 14}: 16 +{ 14, 16, 19}: 15 +{ 14, 17, 19}: 14
{ 16, 17, 19} : 15,12 +{ 3, 16, 17, 19}: 18 +{ 10, 17}: 17
+{ 13, 16, 17}: 16 +{ 16, 17, 19, 20}: 15 { 16, 17, 20} : 14,12
+{ 3, 16, 17, 20}: 17 +{ 11, 16}: 16 +{ 14, 16, 17}: 15
+{ 16, 17, 19, 20}: 14 { 16, 19, 20, 23} : 13,12 +{ 3, 16, 19, 20, 23}: 16
+{ 10, 20, 23}: 16 +{ 13, 16, 20, 23}: 15 +{ 14, 16, 19}: 14
+{ 16, 17, 19, 20}: 13 { 17, 19, 20} : 12,12 +{ 3, 17, 19, 20}: na
+{ 11, 19}: 15 +{ 13, 17, 20}: 14 +{ 14, 17, 19}: 13
+{ 16, 17, 19, 20}: 12 { 3, 4} : 19,13 +{ 3, 4, 29}: 19
{ 3, 7, 10} : na,13 { 3, 7, 23} : 19,13 +{ 3, 7, 10, 23}: 20
+{ 3, 7, 23, 26}: 19 { 3, 7, 26} : 18,13 +{ 3, 7, 10, 26}: na
+{ 3, 7, 20}: 19 +{ 3, 7, 23, 26}: 18 { 3, 10, 13, 23} : 19,13
+{ 3, 7, 10, 23}: 20 +{ 3, 10, 13, 23, 26}: 19 { 3, 10, 13, 26, 29} : 19,13
+{ 3, 4, 29}: 20 +{ 3, 7, 10, 26}: na +{ 3, 10, 13, 20}: 20
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+{ 3, 10, 13, 23, 26}: 19 { 3, 10, 20} : 18,13 +{ 3, 10, 13, 20}: 19
+{ 3, 10, 20, 23}: 18 { 3, 10, 23, 26} : 17,13 +{ 3, 10, 13, 23, 26}: 19
+{ 3, 10, 17}: 18 +{ 3, 10, 20, 23}: 17 { 3, 11} : na,13
{ 3, 13, 16, 20} : 18,13 +{ 3, 7, 20}: 20 +{ 3, 10, 13, 20}: 19
+{ 3, 13, 16, 20, 23}: 18 { 3, 13, 16, 23, 26} : 18,13 +{ 3, 7, 23, 26}: 19
+{ 3, 10, 13, 23, 26}: 19 +{ 3, 13, 16, 17}: 19 +{ 3, 13, 16, 20, 23}: 18
{ 3, 13, 17} : 17,13 +{ 3, 13, 16, 17}: 18 +{ 3, 13, 17, 20}: 17
{ 3, 13, 20, 23} : 16,13 +{ 3, 13, 14}: 18 +{ 3, 13, 16, 20, 23}: 17
+{ 3, 13, 17, 20}: 16 { 3, 14, 16} : 17,13 +{ 3, 14, 16, 17}: 18
+{ 3, 14, 16, 19}: 17 { 3, 14, 17} : na,13 { 3, 14, 19} : na,13
{ 3, 16, 17, 19} : 17,13 +{ 3, 10, 17}: 19 +{ 3, 13, 16, 17}: 18
+{ 3, 16, 17, 19, 20}: 17 { 3, 16, 17, 20} : 16,13 +{ 3, 11, 16}: 18
+{ 3, 14, 16, 17}: 17 +{ 3, 16, 17, 19, 20}: 16 { 3, 16, 19, 20, 23} : 15,13
+{ 3, 10, 20, 23}: 18 +{ 3, 13, 16, 20, 23}: 17 +{ 3, 14, 16, 19}: 16
+{ 3, 16, 17, 19, 20}: 15 { 3, 17, 19, 20} : na,13 { 4, 29} : 18,13
+{ 3, 4, 29}: 19 +{ 4, 7}: na +{ 4, 20}: 19
+{ 4, 23}: 18 { 5} : 18,13 +{ 5, 8}: 19
+{ 5, 25}: 18 { 7, 10, 23} : 18,13 +{ 1}: 20
+{ 3, 7, 10, 23}: 19 +{ 7, 10, 23, 26}: 18 { 7, 10, 26} : na,13
{ 7, 20} : 17,13 +{ 3, 7, 20}: 19 +{ 7, 10, 20}: 18
+{ 7, 20, 23}: 17 { 7, 23, 26} : 17,13 +{ 3, 7, 23, 26}: 18
+{ 7, 10, 23, 26}: 19 +{ 7, 17}: 18 +{ 7, 20, 23}: 17
{ 8, 11} : 17,13 +{ 2}: 19 +{ 5, 8}: 18
+{ 8, 11, 25}: 17 { 8, 25} : 16,13 +{ 3, 8}: na
+{ 8, 11, 25}: 18 +{ 8, 16}: 17 +{ 8, 19}: 16
{ 10, 13, 20} : 16,13 +{ 3, 10, 13, 20}: 19 +{ 4, 20}: 18
+{ 7, 10, 20}: 17 +{ 10, 13, 20, 23}: 16 { 10, 13, 23, 26} : 17,13
+{ 3, 10, 13, 23, 26}: 19 +{ 4, 23}: 18 +{ 7, 10, 23, 26}: 18
+{ 10, 13, 17}: 18 +{ 10, 13, 20, 23}: 17 { 10, 17} : 16,13
+{ 3, 10, 17}: 18 +{ 10, 13, 17}: 17 +{ 10, 17, 20}: 16
{ 10, 20, 23} : 15,13 +{ 3, 10, 20, 23}: 17 +{ 10, 13, 20, 23}: 17
+{ 10, 14}: 16 +{ 10, 17, 20}: 15 { 11, 14, 25} : 16,13
+{ 3, 11, 14}: 18 +{ 5, 25}: 17 +{ 8, 11, 25}: 17
+{ 11, 14, 16}: 17 +{ 11, 14, 19}: 16 { 11, 16} : 15,13
+{ 3, 11, 16}: 17 +{ 11, 14, 16}: 16 +{ 11, 16, 19}: 15
{ 11, 19} : 14,13 +{ 3, 11, 19}: na +{ 11, 13}: 16
+{ 11, 14, 19}: 15 +{ 11, 16, 19}: 14 { 13, 14} : 15,13
+{ 3, 13, 14}: 17 +{ 13, 14, 16}: 16 +{ 13, 14, 17}: 15
{ 13, 16, 17} : 15,13 +{ 3, 13, 16, 17}: 18 +{ 7, 17}: 17
+{ 10, 13, 17}: 16 +{ 13, 16, 17, 20}: 15 { 13, 16, 20, 23} : 14,13
+{ 3, 13, 16, 20, 23}: 17 +{ 7, 20, 23}: 16 +{ 10, 13, 20, 23}: 16
+{ 13, 14, 16}: 15 +{ 13, 16, 17, 20}: 14 { 13, 17, 20} : 13,13
+{ 3, 13, 17, 20}: 16 +{ 11, 13}: 15 +{ 13, 14, 17}: 14
+{ 13, 16, 17, 20}: 13 { 14, 16, 17} : 14,13 +{ 3, 14, 16, 17}: 17
+{ 8, 16}: 16 +{ 11, 14, 16}: 15 +{ 14, 16, 17, 19}: 14
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{ 14, 16, 19} : 13,13 +{ 3, 14, 16, 19}: 16 +{ 10, 14}: 15
+{ 13, 14, 16}: 14 +{ 14, 16, 17, 19}: 13 { 14, 17, 19} : 12,13
+{ 3, 14, 17, 19}: na +{ 8, 19}: 15 +{ 11, 14, 19}: 14
+{ 13, 14, 17}: 13 +{ 14, 16, 17, 19}: 12 { 16, 17, 19, 20} : 11,13
+{ 3, 16, 17, 19, 20}: 15 +{ 10, 17, 20}: 14 +{ 11, 16, 19}: 13
+{ 13, 16, 17, 20}: 12 +{ 14, 16, 17, 19}: 11 { 1} : 19,14
+{ 1, 3}: 20 +{ 1, 26}: 19 { 2} : 18,14
+{ 2, 5}: 19 +{ 2, 25}: 18 { 3, 4, 29} : 18,14
+{ 3, 4, 7}: na +{ 3, 4, 20}: 19 +{ 3, 4, 23}: 18
{ 3, 7, 10, 23} : 18,14 +{ 1, 3}: 19 +{ 3, 7, 10, 23, 26}: 18
{ 3, 7, 10, 26} : na,14 { 3, 7, 20} : 18,14 +{ 3, 7, 10, 20}: 19
+{ 3, 7, 20, 23}: 18 { 3, 7, 23, 26} : 17,14 +{ 3, 7, 10, 23, 26}: 19
+{ 3, 7, 17}: 18 +{ 3, 7, 20, 23}: 17 { 3, 8} : na,14
{ 3, 10, 13, 20} : 18,14 +{ 3, 4, 20}: 20 +{ 3, 7, 10, 20}: 19
+{ 3, 10, 13, 20, 23}: 18 { 3, 10, 13, 23, 26} : 18,14 +{ 3, 4, 23}: 19
+{ 3, 7, 10, 23, 26}: 19 +{ 3, 10, 13, 17}: 19 +{ 3, 10, 13, 20, 23}: 18
{ 3, 10, 17} : 17,14 +{ 3, 10, 13, 17}: 18 +{ 3, 10, 17, 20}: 17
{ 3, 10, 20, 23} : 16,14 +{ 3, 10, 13, 20, 23}: 18 +{ 3, 10, 14}: 17
+{ 3, 10, 17, 20}: 16 { 3, 11, 14} : 17,14 +{ 3, 5}: na
+{ 3, 8, 11}: na +{ 3, 11, 14, 16}: 18 +{ 3, 11, 14, 19}: 17
{ 3, 11, 16} : 16,14 +{ 3, 11, 14, 16}: 17 +{ 3, 11, 16, 19}: 16
{ 3, 11, 19} : na,14 { 3, 13, 14} : 16,14 +{ 3, 13, 14, 16}: 17
+{ 3, 13, 14, 17}: 16 { 3, 13, 16, 17} : 17,14 +{ 3, 7, 17}: 19
+{ 3, 10, 13, 17}: 18 +{ 3, 13, 16, 17, 20}: 17 { 3, 13, 16, 20, 23} : 16,14
+{ 3, 7, 20, 23}: 18 +{ 3, 10, 13, 20, 23}: 18 +{ 3, 13, 14, 16}: 17
+{ 3, 13, 16, 17, 20}: 16 { 3, 13, 17, 20} : 15,14 +{ 3, 11, 13}: 17
+{ 3, 13, 14, 17}: 16 +{ 3, 13, 16, 17, 20}: 15 { 3, 14, 16, 17} : 16,14
+{ 3, 8, 16}: 18 +{ 3, 11, 14, 16}: 17 +{ 3, 14, 16, 17, 19}: 16
{ 3, 14, 16, 19} : 15,14 +{ 3, 10, 14}: 17 +{ 3, 13, 14, 16}: 16
+{ 3, 14, 16, 17, 19}: 15 { 3, 14, 17, 19} : na,14 { 3, 16, 17, 19, 20} : 14,14
+{ 3, 10, 17, 20}: 17 +{ 3, 11, 16, 19}: 16 +{ 3, 13, 16, 17, 20}: 15
+{ 3, 14, 16, 17, 19}: 14 { 4, 7} : na,14 { 4, 20} : 17,14
+{ 3, 4, 20}: 19 +{ 4, 7, 20}: 18 +{ 4, 20, 23}: 17
{ 4, 23} : 17,14 +{ 3, 4, 23}: 18 +{ 4, 7, 23}: na
+{ 4, 17}: 18 +{ 4, 20, 23}: 17 { 5, 8} : 17,14
+{ 2, 5}: 18 +{ 5, 8, 25}: 17 { 5, 25} : 16,14
+{ 3, 5}: na +{ 5, 8, 25}: 18 +{ 5, 16}: 17
+{ 5, 19}: 16 { 7, 10, 20} : 16,14 +{ 3, 7, 10, 20}: 18
+{ 4, 7, 20}: 17 +{ 7, 10, 20, 23}: 16 { 7, 10, 23, 26} : 17,14
+{ 1, 26}: 19 +{ 3, 7, 10, 23, 26}: 18 +{ 4, 7, 23}: na
+{ 7, 10, 17}: 18 +{ 7, 10, 20, 23}: 17 { 7, 17} : 16,14
+{ 3, 7, 17}: 18 +{ 7, 10, 17}: 17 +{ 7, 17, 20}: 16
{ 7, 20, 23} : 15,14 +{ 3, 7, 20, 23}: 17 +{ 7, 10, 20, 23}: 17
+{ 7, 14}: 16 +{ 7, 17, 20}: 15 { 8, 11, 25} : 16,14
+{ 2, 25}: 18 +{ 3, 8, 11}: na +{ 5, 8, 25}: 17
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+{ 8, 11, 16}: 17 +{ 8, 11, 19}: 16 { 8, 16} : 15,14
+{ 3, 8, 16}: 17 +{ 8, 11, 16}: 16 +{ 8, 16, 19}: 15
{ 8, 19} : 14,14 +{ 3, 8, 19}: na +{ 8, 11, 19}: 16
+{ 8, 13}: 15 +{ 8, 16, 19}: 14 { 10, 13, 17} : 15,14
+{ 3, 10, 13, 17}: 18 +{ 4, 17}: 17 +{ 7, 10, 17}: 16
+{ 10, 13, 17, 20}: 15 { 10, 13, 20, 23} : 15,14 +{ 3, 10, 13, 20, 23}: 17
+{ 4, 20, 23}: 16 +{ 7, 10, 20, 23}: 16 +{ 10, 13, 14}: 16
+{ 10, 13, 17, 20}: 15 { 10, 14} : 14,14 +{ 3, 10, 14}: 16
+{ 10, 13, 14}: 15 +{ 10, 14, 17}: 14 { 10, 17, 20} : 13,14
+{ 3, 10, 17, 20}: 16 +{ 10, 11}: 15 +{ 10, 13, 17, 20}: 14
+{ 10, 14, 17}: 13 { 11, 13} : 14,14 +{ 3, 11, 13}: 16
+{ 11, 13, 14}: 15 +{ 11, 13, 16}: 14 { 11, 14, 16} : 14,14
+{ 3, 11, 14, 16}: 17 +{ 5, 16}: 16 +{ 8, 11, 16}: 15
+{ 11, 14, 16, 19}: 14 { 11, 14, 19} : 13,14 +{ 3, 11, 14, 19}: 16
+{ 5, 19}: 15 +{ 8, 11, 19}: 15 +{ 11, 13, 14}: 14
+{ 11, 14, 16, 19}: 13 { 11, 16, 19} : 12,14 +{ 3, 11, 16, 19}: 15
+{ 10, 11}: 14 +{ 11, 13, 16}: 13 +{ 11, 14, 16, 19}: 12
{ 13, 14, 16} : 13,14 +{ 3, 13, 14, 16}: 16 +{ 7, 14}: 15
+{ 10, 13, 14}: 14 +{ 13, 14, 16, 17}: 13 { 13, 14, 17} : 12,14
+{ 3, 13, 14, 17}: 15 +{ 8, 13}: 14 +{ 11, 13, 14}: 13
+{ 13, 14, 16, 17}: 12 { 13, 16, 17, 20} : 11,14 +{ 3, 13, 16, 17, 20}: 15
+{ 7, 17, 20}: 14 +{ 10, 13, 17, 20}: 13 +{ 11, 13, 16}: 12
+{ 13, 14, 16, 17}: 11 { 14, 16, 17, 19} : 10,14 +{ 3, 14, 16, 17, 19}: 14
+{ 8, 16, 19}: 13 +{ 10, 14, 17}: 12 +{ 11, 14, 16, 19}: 11
+{ 13, 14, 16, 17}: 10 { 1, 3} : 18,15 +{ 1, 3, 26}: 18
{ 1, 26} : 18,15 +{ 1, 3, 26}: 19 +{ 1, 4}: na
+{ 1, 17}: 19 +{ 1, 20}: 18 { 2, 5} : 17,15
+{ 2, 5, 25}: 17 { 2, 25} : 17,15 +{ 2, 3}: na
+{ 2, 5, 25}: 18 +{ 2, 16}: 18 +{ 2, 19}: 17
{ 3, 4, 7} : na,15 { 3, 4, 20} : 18,15 +{ 3, 4, 7, 20}: 19
+{ 3, 4, 20, 23}: 18 { 3, 4, 23} : 17,15 +{ 3, 4, 7, 23}: na
+{ 3, 4, 17}: 18 +{ 3, 4, 20, 23}: 17 { 3, 5} : na,15
{ 3, 7, 10, 20} : 17,15 +{ 3, 4, 7, 20}: 18 +{ 3, 7, 10, 20, 23}: 17
{ 3, 7, 10, 23, 26} : 17,15 +{ 1, 3, 26}: 18 +{ 3, 4, 7, 23}: na
+{ 3, 7, 10, 17}: 18 +{ 3, 7, 10, 20, 23}: 17 { 3, 7, 17} : 17,15
+{ 3, 7, 10, 17}: 18 +{ 3, 7, 17, 20}: 17 { 3, 7, 20, 23} : 16,15
+{ 3, 7, 10, 20, 23}: 18 +{ 3, 7, 14}: 17 +{ 3, 7, 17, 20}: 16
{ 3, 8, 11} : na,15 { 3, 8, 16} : 16,15 +{ 3, 8, 11, 16}: 17
+{ 3, 8, 16, 19}: 16 { 3, 8, 19} : na,15 { 3, 10, 13, 17} : 17,15
+{ 3, 4, 17}: 19 +{ 3, 7, 10, 17}: 18 +{ 3, 10, 13, 17, 20}: 17
{ 3, 10, 13, 20, 23} : 16,15 +{ 3, 4, 20, 23}: 18 +{ 3, 7, 10, 20, 23}: 18
+{ 3, 10, 13, 14}: 17 +{ 3, 10, 13, 17, 20}: 16 { 3, 10, 14} : 15,15
+{ 3, 10, 13, 14}: 16 +{ 3, 10, 14, 17}: 15 { 3, 10, 17, 20} : 15,15
+{ 3, 10, 11}: 17 +{ 3, 10, 13, 17, 20}: 16 +{ 3, 10, 14, 17}: 15
{ 3, 11, 13} : 15,15 +{ 3, 11, 13, 14}: 16 +{ 3, 11, 13, 16}: 15
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{ 3, 11, 14, 16} : 16,15 +{ 3, 5, 16}: 18 +{ 3, 8, 11, 16}: 17
+{ 3, 11, 14, 16, 19}: 16 { 3, 11, 14, 19} : 15,15 +{ 3, 5, 19}: na
+{ 3, 8, 11, 19}: 17 +{ 3, 11, 13, 14}: 16 +{ 3, 11, 14, 16, 19}: 15
{ 3, 11, 16, 19} : 14,15 +{ 3, 10, 11}: 16 +{ 3, 11, 13, 16}: 15
+{ 3, 11, 14, 16, 19}: 14 { 3, 13, 14, 16} : 15,15 +{ 3, 7, 14}: 17
+{ 3, 10, 13, 14}: 16 +{ 3, 13, 14, 16, 17}: 15 { 3, 13, 14, 17} : 14,15
+{ 3, 8, 13}: 16 +{ 3, 11, 13, 14}: 15 +{ 3, 13, 14, 16, 17}: 14
{ 3, 13, 16, 17, 20} : 14,15 +{ 3, 7, 17, 20}: 17 +{ 3, 10, 13, 17, 20}: 16
+{ 3, 11, 13, 16}: 15 +{ 3, 13, 14, 16, 17}: 14 { 3, 14, 16, 17, 19} : 13,15
+{ 3, 8, 16, 19}: 16 +{ 3, 10, 14, 17}: 15 +{ 3, 11, 14, 16, 19}: 14
+{ 3, 13, 14, 16, 17}: 13 { 4, 7, 20} : 16,15 +{ 3, 4, 7, 20}: 17
+{ 4, 7, 20, 23}: 16 { 4, 7, 23} : na,15 { 4, 17} : 16,15
+{ 3, 4, 17}: 18 +{ 4, 7, 17}: 17 +{ 4, 17, 20}: 16
{ 4, 20, 23} : 15,15 +{ 3, 4, 20, 23}: 17 +{ 4, 7, 20, 23}: 17
+{ 4, 14}: 16 +{ 4, 17, 20}: 15 { 5, 8, 25} : 16,15
+{ 2, 5, 25}: 17 +{ 3, 5, 8}: na +{ 5, 8, 16}: 17
+{ 5, 8, 19}: 16 { 5, 16} : 15,15 +{ 3, 5, 16}: 17
+{ 5, 8, 16}: 16 +{ 5, 16, 19}: 15 { 5, 19} : 14,15
+{ 3, 5, 19}: na +{ 5, 8, 19}: 16 +{ 5, 13}: 15
+{ 5, 16, 19}: 14 { 7, 10, 17} : 15,15 +{ 1, 17}: 18
+{ 3, 7, 10, 17}: 17 +{ 4, 7, 17}: 16 +{ 7, 10, 17, 20}: 15
{ 7, 10, 20, 23} : 15,15 +{ 1, 20}: 17 +{ 3, 7, 10, 20, 23}: 17
+{ 4, 7, 20, 23}: 16 +{ 7, 10, 14}: 16 +{ 7, 10, 17, 20}: 15
{ 7, 14} : 14,15 +{ 3, 7, 14}: 16 +{ 7, 10, 14}: 15
+{ 7, 14, 17}: 14 { 7, 17, 20} : 13,15 +{ 3, 7, 17, 20}: 16
+{ 7, 10, 17, 20}: 15 +{ 7, 11}: 14 +{ 7, 14, 17}: 13
{ 8, 11, 16} : 14,15 +{ 2, 16}: 17 +{ 3, 8, 11, 16}: 16
+{ 5, 8, 16}: 15 +{ 8, 11, 16, 19}: 14 { 8, 11, 19} : 14,15
+{ 2, 19}: 16 +{ 3, 8, 11, 19}: 16 +{ 5, 8, 19}: 15
+{ 8, 11, 13}: 15 +{ 8, 11, 16, 19}: 14 { 8, 13} : 13,15
+{ 3, 8, 13}: 15 +{ 8, 11, 13}: 14 +{ 8, 13, 16}: 13
{ 8, 16, 19} : 12,15 +{ 3, 8, 16, 19}: 15 +{ 8, 10}: 14
+{ 8, 11, 16, 19}: 13 +{ 8, 13, 16}: 12 { 10, 11} : 13,15
+{ 3, 10, 11}: 15 +{ 10, 11, 13}: 14 +{ 10, 11, 14}: 13
{ 10, 13, 14} : 13,15 +{ 3, 10, 13, 14}: 16 +{ 4, 14}: 15
+{ 7, 10, 14}: 14 +{ 10, 13, 14, 17}: 13 { 10, 13, 17, 20} : 12,15
+{ 3, 10, 13, 17, 20}: 15 +{ 4, 17, 20}: 14 +{ 7, 10, 17, 20}: 14
+{ 10, 11, 13}: 13 +{ 10, 13, 14, 17}: 12 { 10, 14, 17} : 11,15
+{ 3, 10, 14, 17}: 14 +{ 8, 10}: 13 +{ 10, 11, 14}: 12
+{ 10, 13, 14, 17}: 11 { 11, 13, 14} : 12,15 +{ 3, 11, 13, 14}: 15
+{ 5, 13}: 14 +{ 8, 11, 13}: 13 +{ 11, 13, 14, 16}: 12
{ 11, 13, 16} : 11,15 +{ 3, 11, 13, 16}: 14 +{ 7, 11}: 13
+{ 10, 11, 13}: 12 +{ 11, 13, 14, 16}: 11 { 11, 14, 16, 19} : 10,15
+{ 3, 11, 14, 16, 19}: 14 +{ 5, 16, 19}: 13 +{ 8, 11, 16, 19}: 12
+{ 10, 11, 14}: 11 +{ 11, 13, 14, 16}: 10 { 13, 14, 16, 17} : 9,15
DAHA AND PLANE CURVE SINGULARITIES 73
+{ 3, 13, 14, 16, 17}: 13 +{ 7, 14, 17}: 12 +{ 8, 13, 16}: 11
+{ 10, 13, 14, 17}: 10 +{ 11, 13, 14, 16}: 9 { 1, 3, 26} : 17,16
+{ 1, 3, 4}: na +{ 1, 3, 17}: 18 +{ 1, 3, 20}: 17
{ 1, 4} : na,16 { 1, 17} : 17,16 +{ 1, 3, 17}: 19
+{ 1, 4, 17}: 18 +{ 1, 17, 20}: 17 { 1, 20} : 16,16
+{ 1, 3, 20}: 18 +{ 1, 4, 20}: na +{ 1, 14}: 17
+{ 1, 17, 20}: 16 { 2, 3} : na,16 { 2, 5, 25} : 16,16
+{ 2, 3, 5}: na +{ 2, 5, 16}: 17 +{ 2, 5, 19}: 16
{ 2, 16} : 16,16 +{ 2, 3, 16}: 18 +{ 2, 5, 16}: 17
+{ 2, 16, 19}: 16 { 2, 19} : 15,16 +{ 2, 3, 19}: na
+{ 2, 5, 19}: 17 +{ 2, 13}: 16 +{ 2, 16, 19}: 15
{ 3, 4, 7, 20} : 16,16 +{ 3, 4, 7, 20, 23}: 16 { 3, 4, 7, 23} : na,16
{ 3, 4, 17} : 17,16 +{ 3, 4, 7, 17}: 18 +{ 3, 4, 17, 20}: 17
{ 3, 4, 20, 23} : 16,16 +{ 3, 4, 7, 20, 23}: 18 +{ 3, 4, 14}: 17
+{ 3, 4, 17, 20}: 16 { 3, 5, 8} : na,16 { 3, 5, 16} : 16,16
+{ 3, 5, 8, 16}: 17 +{ 3, 5, 16, 19}: 16 { 3, 5, 19} : na,16
{ 3, 7, 10, 17} : 16,16 +{ 1, 3, 17}: 18 +{ 3, 4, 7, 17}: 17
+{ 3, 7, 10, 17, 20}: 16 { 3, 7, 10, 20, 23} : 16,16 +{ 1, 3, 20}: 17
+{ 3, 4, 7, 20, 23}: 17 +{ 3, 7, 10, 14}: 17 +{ 3, 7, 10, 17, 20}: 16
{ 3, 7, 14} : 15,16 +{ 3, 7, 10, 14}: 16 +{ 3, 7, 14, 17}: 15
{ 3, 7, 17, 20} : 15,16 +{ 3, 7, 10, 17, 20}: 17 +{ 3, 7, 11}: 16
+{ 3, 7, 14, 17}: 15 { 3, 8, 11, 16} : 15,16 +{ 2, 3, 16}: 17
+{ 3, 5, 8, 16}: 16 +{ 3, 8, 11, 16, 19}: 15 { 3, 8, 11, 19} : 15,16
+{ 2, 3, 19}: na +{ 3, 5, 8, 19}: na +{ 3, 8, 11, 13}: 16
+{ 3, 8, 11, 16, 19}: 15 { 3, 8, 13} : 14,16 +{ 3, 8, 11, 13}: 15
+{ 3, 8, 13, 16}: 14 { 3, 8, 16, 19} : 14,16 +{ 3, 8, 10}: 16
+{ 3, 8, 11, 16, 19}: 15 +{ 3, 8, 13, 16}: 14 { 3, 10, 11} : 14,16
+{ 3, 10, 11, 13}: 15 +{ 3, 10, 11, 14}: 14 { 3, 10, 13, 14} : 15,16
+{ 3, 4, 14}: 17 +{ 3, 7, 10, 14}: 16 +{ 3, 10, 13, 14, 17}: 15
{ 3, 10, 13, 17, 20} : 14,16 +{ 3, 4, 17, 20}: 17 +{ 3, 7, 10, 17, 20}: 16
+{ 3, 10, 11, 13}: 15 +{ 3, 10, 13, 14, 17}: 14 { 3, 10, 14, 17} : 13,16
+{ 3, 8, 10}: 15 +{ 3, 10, 11, 14}: 14 +{ 3, 10, 13, 14, 17}: 13
{ 3, 11, 13, 14} : 14,16 +{ 3, 5, 13}: 16 +{ 3, 8, 11, 13}: 15
+{ 3, 11, 13, 14, 16}: 14 { 3, 11, 13, 16} : 13,16 +{ 3, 7, 11}: 15
+{ 3, 10, 11, 13}: 14 +{ 3, 11, 13, 14, 16}: 13 { 3, 11, 14, 16, 19} : 13,16
+{ 3, 5, 16, 19}: 16 +{ 3, 8, 11, 16, 19}: 15 +{ 3, 10, 11, 14}: 14
+{ 3, 11, 13, 14, 16}: 13 { 3, 13, 14, 16, 17} : 12,16 +{ 3, 7, 14, 17}: 15
+{ 3, 8, 13, 16}: 14 +{ 3, 10, 13, 14, 17}: 13 +{ 3, 11, 13, 14, 16}: 12
{ 4, 7, 17} : 15,16 +{ 1, 4, 17}: 17 +{ 3, 4, 7, 17}: 16
+{ 4, 7, 17, 20}: 15 { 4, 7, 20, 23} : 15,16 +{ 1, 4, 20}: na
+{ 3, 4, 7, 20, 23}: 16 +{ 4, 7, 14}: 16 +{ 4, 7, 17, 20}: 15
{ 4, 14} : 14,16 +{ 3, 4, 14}: 16 +{ 4, 7, 14}: 15
+{ 4, 14, 17}: 14 { 4, 17, 20} : 13,16 +{ 3, 4, 17, 20}: 16
+{ 4, 7, 17, 20}: 15 +{ 4, 11}: 14 +{ 4, 14, 17}: 13
{ 5, 8, 16} : 14,16 +{ 2, 5, 16}: 16 +{ 3, 5, 8, 16}: 15
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+{ 5, 8, 16, 19}: 14 { 5, 8, 19} : 14,16 +{ 2, 5, 19}: 16
+{ 3, 5, 8, 19}: na +{ 5, 8, 13}: 15 +{ 5, 8, 16, 19}: 14
{ 5, 13} : 13,16 +{ 3, 5, 13}: 15 +{ 5, 8, 13}: 14
+{ 5, 13, 16}: 13 { 5, 16, 19} : 12,16 +{ 3, 5, 16, 19}: 15
+{ 5, 8, 16, 19}: 14 +{ 5, 10}: 13 +{ 5, 13, 16}: 12
{ 7, 10, 14} : 13,16 +{ 1, 14}: 16 +{ 3, 7, 10, 14}: 15
+{ 4, 7, 14}: 14 +{ 7, 10, 14, 17}: 13 { 7, 10, 17, 20} : 13,16
+{ 1, 17, 20}: 15 +{ 3, 7, 10, 17, 20}: 15 +{ 4, 7, 17, 20}: 14
+{ 7, 10, 11}: 14 +{ 7, 10, 14, 17}: 13 { 7, 11} : 12,16
+{ 3, 7, 11}: 14 +{ 7, 10, 11}: 13 +{ 7, 11, 14}: 12
{ 7, 14, 17} : 11,16 +{ 3, 7, 14, 17}: 14 +{ 7, 8}: 13
+{ 7, 10, 14, 17}: 12 +{ 7, 11, 14}: 11 { 8, 10} : 12,16
+{ 3, 8, 10}: 14 +{ 8, 10, 11}: 13 +{ 8, 10, 13}: 12
{ 8, 11, 13} : 12,16 +{ 2, 13}: 15 +{ 3, 8, 11, 13}: 14
+{ 5, 8, 13}: 13 +{ 8, 11, 13, 16}: 12 { 8, 11, 16, 19} : 11,16
+{ 2, 16, 19}: 14 +{ 3, 8, 11, 16, 19}: 14 +{ 5, 8, 16, 19}: 13
+{ 8, 10, 11}: 12 +{ 8, 11, 13, 16}: 11 { 8, 13, 16} : 10,16
+{ 3, 8, 13, 16}: 13 +{ 7, 8}: 12 +{ 8, 10, 13}: 11
+{ 8, 11, 13, 16}: 10 { 10, 11, 13} : 11,16 +{ 3, 10, 11, 13}: 14
+{ 4, 11}: 13 +{ 7, 10, 11}: 12 +{ 10, 11, 13, 14}: 11
{ 10, 11, 14} : 10,16 +{ 3, 10, 11, 14}: 13 +{ 5, 10}: 12
+{ 8, 10, 11}: 11 +{ 10, 11, 13, 14}: 10 { 10, 13, 14, 17} : 9,16
+{ 3, 10, 13, 14, 17}: 13 +{ 4, 14, 17}: 12 +{ 7, 10, 14, 17}: 11
+{ 8, 10, 13}: 10 +{ 10, 11, 13, 14}: 9 { 11, 13, 14, 16} : 8,16
+{ 3, 11, 13, 14, 16}: 12 +{ 5, 13, 16}: 11 +{ 7, 11, 14}: 10
+{ 8, 11, 13, 16}: 9 +{ 10, 11, 13, 14}: 8 { 1, 3, 4} : na,17
{ 1, 3, 17} : 17,17 +{ 1, 3, 4, 17}: 18 +{ 1, 3, 17, 20}: 17
{ 1, 3, 20} : 16,17 +{ 1, 3, 4, 20}: na +{ 1, 3, 14}: 17
+{ 1, 3, 17, 20}: 16 { 1, 4, 17} : 16,17 +{ 1, 3, 4, 17}: 17
+{ 1, 4, 17, 20}: 16 { 1, 4, 20} : na,17 { 1, 14} : 15,17
+{ 1, 3, 14}: 17 +{ 1, 4, 14}: 16 +{ 1, 14, 17}: 15
{ 1, 17, 20} : 14,17 +{ 1, 3, 17, 20}: 17 +{ 1, 4, 17, 20}: 16
+{ 1, 11}: 15 +{ 1, 14, 17}: 14 { 2, 3, 5} : na,17
{ 2, 3, 16} : 16,17 +{ 2, 3, 5, 16}: 17 +{ 2, 3, 16, 19}: 16
{ 2, 3, 19} : na,17 { 2, 5, 16} : 15,17 +{ 2, 3, 5, 16}: 16
+{ 2, 5, 16, 19}: 15 { 2, 5, 19} : 15,17 +{ 2, 3, 5, 19}: na
+{ 2, 5, 13}: 16 +{ 2, 5, 16, 19}: 15 { 2, 13} : 14,17
+{ 2, 3, 13}: 16 +{ 2, 5, 13}: 15 +{ 2, 13, 16}: 14
{ 2, 16, 19} : 13,17 +{ 2, 3, 16, 19}: 16 +{ 2, 5, 16, 19}: 15
+{ 2, 10}: 14 +{ 2, 13, 16}: 13 { 3, 4, 7, 17} : 15,17
+{ 1, 3, 4, 17}: 16 +{ 3, 4, 7, 17, 20}: 15 { 3, 4, 7, 20, 23} : 15,17
+{ 1, 3, 4, 20}: na +{ 3, 4, 7, 14}: 16 +{ 3, 4, 7, 17, 20}: 15
{ 3, 4, 14} : 15,17 +{ 3, 4, 7, 14}: 16 +{ 3, 4, 14, 17}: 15
{ 3, 4, 17, 20} : 15,17 +{ 3, 4, 7, 17, 20}: 17 +{ 3, 4, 11}: 16
+{ 3, 4, 14, 17}: 15 { 3, 5, 8, 16} : 14,17 +{ 2, 3, 5, 16}: 15
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+{ 3, 5, 8, 16, 19}: 14 { 3, 5, 8, 19} : na,17 { 3, 5, 13} : 14,17
+{ 3, 5, 8, 13}: 15 +{ 3, 5, 13, 16}: 14 { 3, 5, 16, 19} : 14,17
+{ 3, 5, 8, 16, 19}: 16 +{ 3, 5, 10}: 15 +{ 3, 5, 13, 16}: 14
{ 3, 7, 10, 14} : 14,17 +{ 1, 3, 14}: 16 +{ 3, 4, 7, 14}: 15
+{ 3, 7, 10, 14, 17}: 14 { 3, 7, 10, 17, 20} : 14,17 +{ 1, 3, 17, 20}: 16
+{ 3, 4, 7, 17, 20}: 16 +{ 3, 7, 10, 11}: 15 +{ 3, 7, 10, 14, 17}: 14
{ 3, 7, 11} : 13,17 +{ 3, 7, 10, 11}: 14 +{ 3, 7, 11, 14}: 13
{ 3, 7, 14, 17} : 13,17 +{ 3, 7, 8}: 15 +{ 3, 7, 10, 14, 17}: 14
+{ 3, 7, 11, 14}: 13 { 3, 8, 10} : 13,17 +{ 3, 8, 10, 11}: 14
+{ 3, 8, 10, 13}: 13 { 3, 8, 11, 13} : 13,17 +{ 2, 3, 13}: 15
+{ 3, 5, 8, 13}: 14 +{ 3, 8, 11, 13, 16}: 13 { 3, 8, 11, 16, 19} : 13,17
+{ 2, 3, 16, 19}: 15 +{ 3, 5, 8, 16, 19}: 15 +{ 3, 8, 10, 11}: 14
+{ 3, 8, 11, 13, 16}: 13 { 3, 8, 13, 16} : 12,17 +{ 3, 7, 8}: 14
+{ 3, 8, 10, 13}: 13 +{ 3, 8, 11, 13, 16}: 12 { 3, 10, 11, 13} : 13,17
+{ 3, 4, 11}: 15 +{ 3, 7, 10, 11}: 14 +{ 3, 10, 11, 13, 14}: 13
{ 3, 10, 11, 14} : 12,17 +{ 3, 5, 10}: 14 +{ 3, 8, 10, 11}: 13
+{ 3, 10, 11, 13, 14}: 12 { 3, 10, 13, 14, 17} : 12,17 +{ 3, 4, 14, 17}: 15
+{ 3, 7, 10, 14, 17}: 14 +{ 3, 8, 10, 13}: 13 +{ 3, 10, 11, 13, 14}: 12
{ 3, 11, 13, 14, 16} : 11,17 +{ 3, 5, 13, 16}: 14 +{ 3, 7, 11, 14}: 13
+{ 3, 8, 11, 13, 16}: 12 +{ 3, 10, 11, 13, 14}: 11 { 4, 7, 14} : 13,17
+{ 1, 4, 14}: 15 +{ 3, 4, 7, 14}: 14 +{ 4, 7, 14, 17}: 13
{ 4, 7, 17, 20} : 13,17 +{ 1, 4, 17, 20}: 15 +{ 3, 4, 7, 17, 20}: 15
+{ 4, 7, 11}: 14 +{ 4, 7, 14, 17}: 13 { 4, 11} : 12,17
+{ 3, 4, 11}: 14 +{ 4, 7, 11}: 13 +{ 4, 11, 14}: 12
{ 4, 14, 17} : 11,17 +{ 3, 4, 14, 17}: 14 +{ 4, 7, 14, 17}: 13
+{ 4, 8}: 12 +{ 4, 11, 14}: 11 { 5, 8, 13} : 12,17
+{ 2, 5, 13}: 14 +{ 3, 5, 8, 13}: 13 +{ 5, 8, 13, 16}: 12
{ 5, 8, 16, 19} : 12,17 +{ 2, 5, 16, 19}: 14 +{ 3, 5, 8, 16, 19}: 14
+{ 5, 8, 10}: 13 +{ 5, 8, 13, 16}: 12 { 5, 10} : 11,17
+{ 3, 5, 10}: 13 +{ 5, 8, 10}: 12 +{ 5, 10, 13}: 11
{ 5, 13, 16} : 10,17 +{ 3, 5, 13, 16}: 13 +{ 5, 7}: 12
+{ 5, 8, 13, 16}: 11 +{ 5, 10, 13}: 10 { 7, 8} : 11,17
+{ 3, 7, 8}: 13 +{ 7, 8, 10}: 12 +{ 7, 8, 11}: 11
{ 7, 10, 11} : 11,17 +{ 1, 11}: 14 +{ 3, 7, 10, 11}: 13
+{ 4, 7, 11}: 12 +{ 7, 10, 11, 14}: 11 { 7, 10, 14, 17} : 10,17
+{ 1, 14, 17}: 13 +{ 3, 7, 10, 14, 17}: 13 +{ 4, 7, 14, 17}: 12
+{ 7, 8, 10}: 11 +{ 7, 10, 11, 14}: 10 { 7, 11, 14} : 9,17
+{ 3, 7, 11, 14}: 12 +{ 5, 7}: 11 +{ 7, 8, 11}: 10
+{ 7, 10, 11, 14}: 9 { 8, 10, 11} : 10,17 +{ 2, 10}: 13
+{ 3, 8, 10, 11}: 12 +{ 5, 8, 10}: 11 +{ 8, 10, 11, 13}: 10
{ 8, 10, 13} : 9,17 +{ 3, 8, 10, 13}: 12 +{ 4, 8}: 11
+{ 7, 8, 10}: 10 +{ 8, 10, 11, 13}: 9 { 8, 11, 13, 16} : 8,17
+{ 2, 13, 16}: 12 +{ 3, 8, 11, 13, 16}: 11 +{ 5, 8, 13, 16}: 10
+{ 7, 8, 11}: 9 +{ 8, 10, 11, 13}: 8 { 10, 11, 13, 14} : 7,17
+{ 3, 10, 11, 13, 14}: 11 +{ 4, 11, 14}: 10 +{ 5, 10, 13}: 9
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+{ 7, 10, 11, 14}: 8 +{ 8, 10, 11, 13}: 7 { 1, 3, 4, 17} : 15,18
+{ 1, 3, 4, 17, 20}: 15 { 1, 3, 4, 20} : na,18 { 1, 3, 14} : 15,18
+{ 1, 3, 4, 14}: 16 +{ 1, 3, 14, 17}: 15 { 1, 3, 17, 20} : 15,18
+{ 1, 3, 4, 17, 20}: 17 +{ 1, 3, 11}: 16 +{ 1, 3, 14, 17}: 15
{ 1, 4, 14} : 14,18 +{ 1, 3, 4, 14}: 15 +{ 1, 4, 14, 17}: 14
{ 1, 4, 17, 20} : 14,18 +{ 1, 3, 4, 17, 20}: 16 +{ 1, 4, 11}: 15
+{ 1, 4, 14, 17}: 14 { 1, 11} : 13,18 +{ 1, 3, 11}: 15
+{ 1, 4, 11}: 14 +{ 1, 11, 14}: 13 { 1, 14, 17} : 12,18
+{ 1, 3, 14, 17}: 15 +{ 1, 4, 14, 17}: 14 +{ 1, 8}: 13
+{ 1, 11, 14}: 12 { 2, 3, 5, 16} : 14,18 +{ 2, 3, 5, 16, 19}: 14
{ 2, 3, 5, 19} : na,18 { 2, 3, 13} : 14,18 +{ 2, 3, 5, 13}: 15
+{ 2, 3, 13, 16}: 14 { 2, 3, 16, 19} : 14,18 +{ 2, 3, 5, 16, 19}: 16
+{ 2, 3, 10}: 15 +{ 2, 3, 13, 16}: 14 { 2, 5, 13} : 13,18
+{ 2, 3, 5, 13}: 14 +{ 2, 5, 13, 16}: 13 { 2, 5, 16, 19} : 13,18
+{ 2, 3, 5, 16, 19}: 15 +{ 2, 5, 10}: 14 +{ 2, 5, 13, 16}: 13
{ 2, 10} : 12,18 +{ 2, 3, 10}: 14 +{ 2, 5, 10}: 13
+{ 2, 10, 13}: 12 { 2, 13, 16} : 11,18 +{ 2, 3, 13, 16}: 14
+{ 2, 5, 13, 16}: 13 +{ 2, 7}: 12 +{ 2, 10, 13}: 11
{ 3, 4, 7, 14} : 13,18 +{ 1, 3, 4, 14}: 14 +{ 3, 4, 7, 14, 17}: 13
{ 3, 4, 7, 17, 20} : 14,18 +{ 1, 3, 4, 17, 20}: 15 +{ 3, 4, 7, 11}: 15
+{ 3, 4, 7, 14, 17}: 14 { 3, 4, 11} : 13,18 +{ 3, 4, 7, 11}: 14
+{ 3, 4, 11, 14}: 13 { 3, 4, 14, 17} : 13,18 +{ 3, 4, 7, 14, 17}: 15
+{ 3, 4, 8}: 14 +{ 3, 4, 11, 14}: 13 { 3, 5, 8, 13} : 12,18
+{ 2, 3, 5, 13}: 13 +{ 3, 5, 8, 13, 16}: 12 { 3, 5, 8, 16, 19} : 13,18
+{ 2, 3, 5, 16, 19}: 14 +{ 3, 5, 8, 10}: 14 +{ 3, 5, 8, 13, 16}: 13
{ 3, 5, 10} : 12,18 +{ 3, 5, 8, 10}: 13 +{ 3, 5, 10, 13}: 12
{ 3, 5, 13, 16} : 12,18 +{ 3, 5, 7}: 14 +{ 3, 5, 8, 13, 16}: 13
+{ 3, 5, 10, 13}: 12 { 3, 7, 8} : 12,18 +{ 3, 7, 8, 10}: 13
+{ 3, 7, 8, 11}: 12 { 3, 7, 10, 11} : 12,18 +{ 1, 3, 11}: 14
+{ 3, 4, 7, 11}: 13 +{ 3, 7, 10, 11, 14}: 12 { 3, 7, 10, 14, 17} : 12,18
+{ 1, 3, 14, 17}: 14 +{ 3, 4, 7, 14, 17}: 14 +{ 3, 7, 8, 10}: 13
+{ 3, 7, 10, 11, 14}: 12 { 3, 7, 11, 14} : 11,18 +{ 3, 5, 7}: 13
+{ 3, 7, 8, 11}: 12 +{ 3, 7, 10, 11, 14}: 11 { 3, 8, 10, 11} : 11,18
+{ 2, 3, 10}: 13 +{ 3, 5, 8, 10}: 12 +{ 3, 8, 10, 11, 13}: 11
{ 3, 8, 10, 13} : 11,18 +{ 3, 4, 8}: 13 +{ 3, 7, 8, 10}: 12
+{ 3, 8, 10, 11, 13}: 11 { 3, 8, 11, 13, 16} : 10,18 +{ 2, 3, 13, 16}: 13
+{ 3, 5, 8, 13, 16}: 12 +{ 3, 7, 8, 11}: 11 +{ 3, 8, 10, 11, 13}: 10
{ 3, 10, 11, 13, 14} : 10,18 +{ 3, 4, 11, 14}: 13 +{ 3, 5, 10, 13}: 12
+{ 3, 7, 10, 11, 14}: 11 +{ 3, 8, 10, 11, 13}: 10 { 4, 7, 11} : 11,18
+{ 1, 4, 11}: 13 +{ 3, 4, 7, 11}: 12 +{ 4, 7, 11, 14}: 11
{ 4, 7, 14, 17} : 11,18 +{ 1, 4, 14, 17}: 13 +{ 3, 4, 7, 14, 17}: 13
+{ 4, 7, 8}: 12 +{ 4, 7, 11, 14}: 11 { 4, 8} : 10,18
+{ 3, 4, 8}: 12 +{ 4, 7, 8}: 11 +{ 4, 8, 11}: 10
{ 4, 11, 14} : 9,18 +{ 3, 4, 11, 14}: 12 +{ 4, 5}: 11
+{ 4, 7, 11, 14}: 10 +{ 4, 8, 11}: 9 { 5, 7} : 10,18
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+{ 3, 5, 7}: 12 +{ 5, 7, 8}: 11 +{ 5, 7, 10}: 10
{ 5, 8, 10} : 10,18 +{ 2, 5, 10}: 12 +{ 3, 5, 8, 10}: 11
+{ 5, 8, 10, 13}: 10 { 5, 8, 13, 16} : 9,18 +{ 2, 5, 13, 16}: 12
+{ 3, 5, 8, 13, 16}: 11 +{ 5, 7, 8}: 10 +{ 5, 8, 10, 13}: 9
{ 5, 10, 13} : 8,18 +{ 3, 5, 10, 13}: 11 +{ 4, 5}: 10
+{ 5, 7, 10}: 9 +{ 5, 8, 10, 13}: 8 { 7, 8, 10} : 9,18
+{ 1, 8}: 12 +{ 3, 7, 8, 10}: 11 +{ 4, 7, 8}: 10
+{ 7, 8, 10, 11}: 9 { 7, 8, 11} : 8,18 +{ 2, 7}: 11
+{ 3, 7, 8, 11}: 10 +{ 5, 7, 8}: 9 +{ 7, 8, 10, 11}: 8
{ 7, 10, 11, 14} : 7,18 +{ 1, 11, 14}: 11 +{ 3, 7, 10, 11, 14}: 10
+{ 4, 7, 11, 14}: 9 +{ 5, 7, 10}: 8 +{ 7, 8, 10, 11}: 7
{ 8, 10, 11, 13} : 6,18 +{ 2, 10, 13}: 10 +{ 3, 8, 10, 11, 13}: 9
+{ 4, 8, 11}: 8 +{ 5, 8, 10, 13}: 7 +{ 7, 8, 10, 11}: 6
{ 1, 3, 4, 14} : 13,19 +{ 1, 3, 4, 14, 17}: 13 { 1, 3, 4, 17, 20} : 14,19
+{ 1, 3, 4, 11}: 15 +{ 1, 3, 4, 14, 17}: 14 { 1, 3, 11} : 13,19
+{ 1, 3, 4, 11}: 14 +{ 1, 3, 11, 14}: 13 { 1, 3, 14, 17} : 13,19
+{ 1, 3, 4, 14, 17}: 15 +{ 1, 3, 8}: 14 +{ 1, 3, 11, 14}: 13
{ 1, 4, 11} : 12,19 +{ 1, 3, 4, 11}: 13 +{ 1, 4, 11, 14}: 12
{ 1, 4, 14, 17} : 12,19 +{ 1, 3, 4, 14, 17}: 14 +{ 1, 4, 8}: 13
+{ 1, 4, 11, 14}: 12 { 1, 8} : 11,19 +{ 1, 3, 8}: 13
+{ 1, 4, 8}: 12 +{ 1, 8, 11}: 11 { 1, 11, 14} : 10,19
+{ 1, 3, 11, 14}: 13 +{ 1, 4, 11, 14}: 12 +{ 1, 5}: 11
+{ 1, 8, 11}: 10 { 2, 3, 5, 13} : 12,19 +{ 2, 3, 5, 13, 16}: 12
{ 2, 3, 5, 16, 19} : 13,19 +{ 2, 3, 5, 10}: 14 +{ 2, 3, 5, 13, 16}: 13
{ 2, 3, 10} : 12,19 +{ 2, 3, 5, 10}: 13 +{ 2, 3, 10, 13}: 12
{ 2, 3, 13, 16} : 12,19 +{ 2, 3, 5, 13, 16}: 14 +{ 2, 3, 7}: 13
+{ 2, 3, 10, 13}: 12 { 2, 5, 10} : 11,19 +{ 2, 3, 5, 10}: 12
+{ 2, 5, 10, 13}: 11 { 2, 5, 13, 16} : 11,19 +{ 2, 3, 5, 13, 16}: 13
+{ 2, 5, 7}: 12 +{ 2, 5, 10, 13}: 11 { 2, 7} : 10,19
+{ 2, 3, 7}: 12 +{ 2, 5, 7}: 11 +{ 2, 7, 10}: 10
{ 2, 10, 13} : 9,19 +{ 2, 3, 10, 13}: 12 +{ 2, 4}: 11
+{ 2, 5, 10, 13}: 10 +{ 2, 7, 10}: 9 { 3, 4, 7, 11} : 11,19
+{ 1, 3, 4, 11}: 12 +{ 3, 4, 7, 11, 14}: 11 { 3, 4, 7, 14, 17} : 12,19
+{ 1, 3, 4, 14, 17}: 13 +{ 3, 4, 7, 8}: 13 +{ 3, 4, 7, 11, 14}: 12
{ 3, 4, 8} : 11,19 +{ 3, 4, 7, 8}: 12 +{ 3, 4, 8, 11}: 11
{ 3, 4, 11, 14} : 11,19 +{ 3, 4, 5}: 13 +{ 3, 4, 7, 11, 14}: 12
+{ 3, 4, 8, 11}: 11 { 3, 5, 7} : 11,19 +{ 3, 5, 7, 8}: 12
+{ 3, 5, 7, 10}: 11 { 3, 5, 8, 10} : 10,19 +{ 2, 3, 5, 10}: 11
+{ 3, 5, 8, 10, 13}: 10 { 3, 5, 8, 13, 16} : 10,19 +{ 2, 3, 5, 13, 16}: 12
+{ 3, 5, 7, 8}: 11 +{ 3, 5, 8, 10, 13}: 10 { 3, 5, 10, 13} : 10,19
+{ 3, 4, 5}: 12 +{ 3, 5, 7, 10}: 11 +{ 3, 5, 8, 10, 13}: 10
{ 3, 7, 8, 10} : 10,19 +{ 1, 3, 8}: 12 +{ 3, 4, 7, 8}: 11
+{ 3, 7, 8, 10, 11}: 10 { 3, 7, 8, 11} : 9,19 +{ 2, 3, 7}: 11
+{ 3, 5, 7, 8}: 10 +{ 3, 7, 8, 10, 11}: 9 { 3, 7, 10, 11, 14} : 9,19
+{ 1, 3, 11, 14}: 12 +{ 3, 4, 7, 11, 14}: 11 +{ 3, 5, 7, 10}: 10
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+{ 3, 7, 8, 10, 11}: 9 { 3, 8, 10, 11, 13} : 8,19 +{ 2, 3, 10, 13}: 11
+{ 3, 4, 8, 11}: 10 +{ 3, 5, 8, 10, 13}: 9 +{ 3, 7, 8, 10, 11}: 8
{ 4, 5} : 9,19 +{ 3, 4, 5}: 11 +{ 4, 5, 7}: 10
+{ 4, 5, 8}: 9 { 4, 7, 8} : 9,19 +{ 1, 4, 8}: 11
+{ 3, 4, 7, 8}: 10 +{ 4, 7, 8, 11}: 9 { 4, 7, 11, 14} : 8,19
+{ 1, 4, 11, 14}: 11 +{ 3, 4, 7, 11, 14}: 10 +{ 4, 5, 7}: 9
+{ 4, 7, 8, 11}: 8 { 4, 8, 11} : 7,19 +{ 2, 4}: 10
+{ 3, 4, 8, 11}: 9 +{ 4, 5, 8}: 8 +{ 4, 7, 8, 11}: 7
{ 5, 7, 8} : 8,19 +{ 2, 5, 7}: 10 +{ 3, 5, 7, 8}: 9
+{ 5, 7, 8, 10}: 8 { 5, 7, 10} : 7,19 +{ 1, 5}: 10
+{ 3, 5, 7, 10}: 9 +{ 4, 5, 7}: 8 +{ 5, 7, 8, 10}: 7
{ 5, 8, 10, 13} : 6,19 +{ 2, 5, 10, 13}: 9 +{ 3, 5, 8, 10, 13}: 8
+{ 4, 5, 8}: 7 +{ 5, 7, 8, 10}: 6 { 7, 8, 10, 11} : 5,19
+{ 1, 8, 11}: 9 +{ 2, 7, 10}: 8 +{ 3, 7, 8, 10, 11}: 7
+{ 4, 7, 8, 11}: 6 +{ 5, 7, 8, 10}: 5 { 1, 3, 4, 11} : 11,20
+{ 1, 3, 4, 11, 14}: 11 { 1, 3, 4, 14, 17} : 12,20 +{ 1, 3, 4, 8}: 13
+{ 1, 3, 4, 11, 14}: 12 { 1, 3, 8} : 11,20 +{ 1, 3, 4, 8}: 12
+{ 1, 3, 8, 11}: 11 { 1, 3, 11, 14} : 11,20 +{ 1, 3, 4, 11, 14}: 13
+{ 1, 3, 5}: 12 +{ 1, 3, 8, 11}: 11 { 1, 4, 8} : 10,20
+{ 1, 3, 4, 8}: 11 +{ 1, 4, 8, 11}: 10 { 1, 4, 11, 14} : 10,20
+{ 1, 3, 4, 11, 14}: 12 +{ 1, 4, 5}: 11 +{ 1, 4, 8, 11}: 10
{ 1, 5} : 9,20 +{ 1, 3, 5}: 11 +{ 1, 4, 5}: 10
+{ 1, 5, 8}: 9 { 1, 8, 11} : 8,20 +{ 1, 2}: 11
+{ 1, 3, 8, 11}: 10 +{ 1, 4, 8, 11}: 9 +{ 1, 5, 8}: 8
{ 2, 3, 5, 10} : 10,20 +{ 2, 3, 5, 10, 13}: 10 { 2, 3, 5, 13, 16} : 11,20
+{ 2, 3, 5, 7}: 12 +{ 2, 3, 5, 10, 13}: 11 { 2, 3, 7} : 10,20
+{ 2, 3, 5, 7}: 11 +{ 2, 3, 7, 10}: 10 { 2, 3, 10, 13} : 10,20
+{ 2, 3, 4}: 12 +{ 2, 3, 5, 10, 13}: 11 +{ 2, 3, 7, 10}: 10
{ 2, 4} : 9,20 +{ 2, 3, 4}: 11 +{ 2, 4, 5}: 10
+{ 2, 4, 7}: 9 { 2, 5, 7} : 9,20 +{ 2, 3, 5, 7}: 10
+{ 2, 5, 7, 10}: 9 { 2, 5, 10, 13} : 8,20 +{ 2, 3, 5, 10, 13}: 10
+{ 2, 4, 5}: 9 +{ 2, 5, 7, 10}: 8 { 2, 7, 10} : 7,20
+{ 1, 2}: 10 +{ 2, 3, 7, 10}: 9 +{ 2, 4, 7}: 8
+{ 2, 5, 7, 10}: 7 { 3, 4, 5} : 10,20 +{ 3, 4, 5, 7}: 11
+{ 3, 4, 5, 8}: 10 { 3, 4, 7, 8} : 9,20 +{ 1, 3, 4, 8}: 10
+{ 3, 4, 7, 8, 11}: 9 { 3, 4, 7, 11, 14} : 9,20 +{ 1, 3, 4, 11, 14}: 11
+{ 3, 4, 5, 7}: 10 +{ 3, 4, 7, 8, 11}: 9 { 3, 4, 8, 11} : 8,20
+{ 2, 3, 4}: 10 +{ 3, 4, 5, 8}: 9 +{ 3, 4, 7, 8, 11}: 8
{ 3, 5, 7, 8} : 8,20 +{ 2, 3, 5, 7}: 9 +{ 3, 5, 7, 8, 10}: 8
{ 3, 5, 7, 10} : 8,20 +{ 1, 3, 5}: 10 +{ 3, 4, 5, 7}: 9
+{ 3, 5, 7, 8, 10}: 8 { 3, 5, 8, 10, 13} : 7,20 +{ 2, 3, 5, 10, 13}: 9
+{ 3, 4, 5, 8}: 8 +{ 3, 5, 7, 8, 10}: 7 { 3, 7, 8, 10, 11} : 6,20
+{ 1, 3, 8, 11}: 9 +{ 2, 3, 7, 10}: 8 +{ 3, 4, 7, 8, 11}: 7
+{ 3, 5, 7, 8, 10}: 6 { 4, 5, 7} : 7,20 +{ 1, 4, 5}: 9
+{ 3, 4, 5, 7}: 8 +{ 4, 5, 7, 8}: 7 { 4, 5, 8} : 6,20
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+{ 2, 4, 5}: 8 +{ 3, 4, 5, 8}: 7 +{ 4, 5, 7, 8}: 6
{ 4, 7, 8, 11} : 5,20 +{ 1, 4, 8, 11}: 8 +{ 2, 4, 7}: 7
+{ 3, 4, 7, 8, 11}: 6 +{ 4, 5, 7, 8}: 5 { 5, 7, 8, 10} : 4,20
+{ 1, 5, 8}: 7 +{ 2, 5, 7, 10}: 6 +{ 3, 5, 7, 8, 10}: 5
+{ 4, 5, 7, 8}: 4 { 1, 2} : 9,21 +{ 1, 2, 3}: 11
+{ 1, 2, 4}: 10 +{ 1, 2, 5}: 9 { 1, 3, 4, 8} : 9,21
+{ 1, 3, 4, 8, 11}: 9 { 1, 3, 4, 11, 14} : 10,21 +{ 1, 3, 4, 5}: 11
+{ 1, 3, 4, 8, 11}: 10 { 1, 3, 5} : 9,21 +{ 1, 3, 4, 5}: 10
+{ 1, 3, 5, 8}: 9 { 1, 3, 8, 11} : 8,21 +{ 1, 2, 3}: 10
+{ 1, 3, 4, 8, 11}: 9 +{ 1, 3, 5, 8}: 8 { 1, 4, 5} : 8,21
+{ 1, 3, 4, 5}: 9 +{ 1, 4, 5, 8}: 8 { 1, 4, 8, 11} : 7,21
+{ 1, 2, 4}: 9 +{ 1, 3, 4, 8, 11}: 8 +{ 1, 4, 5, 8}: 7
{ 1, 5, 8} : 6,21 +{ 1, 2, 5}: 8 +{ 1, 3, 5, 8}: 7
+{ 1, 4, 5, 8}: 6 { 2, 3, 4} : 9,21 +{ 2, 3, 4, 5}: 10
+{ 2, 3, 4, 7}: 9 { 2, 3, 5, 7} : 8,21 +{ 2, 3, 5, 7, 10}: 8
{ 2, 3, 5, 10, 13} : 8,21 +{ 2, 3, 4, 5}: 9 +{ 2, 3, 5, 7, 10}: 8
{ 2, 3, 7, 10} : 7,21 +{ 1, 2, 3}: 9 +{ 2, 3, 4, 7}: 8
+{ 2, 3, 5, 7, 10}: 7 { 2, 4, 5} : 7,21 +{ 2, 3, 4, 5}: 8
+{ 2, 4, 5, 7}: 7 { 2, 4, 7} : 6,21 +{ 1, 2, 4}: 8
+{ 2, 3, 4, 7}: 7 +{ 2, 4, 5, 7}: 6 { 2, 5, 7, 10} : 5,21
+{ 1, 2, 5}: 7 +{ 2, 3, 5, 7, 10}: 6 +{ 2, 4, 5, 7}: 5
{ 3, 4, 5, 7} : 7,21 +{ 1, 3, 4, 5}: 8 +{ 3, 4, 5, 7, 8}: 7
{ 3, 4, 5, 8} : 6,21 +{ 2, 3, 4, 5}: 7 +{ 3, 4, 5, 7, 8}: 6
{ 3, 4, 7, 8, 11} : 5,21 +{ 1, 3, 4, 8, 11}: 7 +{ 2, 3, 4, 7}: 6
+{ 3, 4, 5, 7, 8}: 5 { 3, 5, 7, 8, 10} : 4,21 +{ 1, 3, 5, 8}: 6
+{ 2, 3, 5, 7, 10}: 5 +{ 3, 4, 5, 7, 8}: 4 { 4, 5, 7, 8} : 3,21
+{ 1, 4, 5, 8}: 5 +{ 2, 4, 5, 7}: 4 +{ 3, 4, 5, 7, 8}: 3
{ 1, 2, 3} : 8,22 +{ 1, 2, 3, 4}: 9 +{ 1, 2, 3, 5}: 8
{ 1, 2, 4} : 7,22 +{ 1, 2, 3, 4}: 8 +{ 1, 2, 4, 5}: 7
{ 1, 2, 5} : 6,22 +{ 1, 2, 3, 5}: 7 +{ 1, 2, 4, 5}: 6
{ 1, 3, 4, 5} : 7,22 +{ 1, 3, 4, 5, 8}: 7 { 1, 3, 4, 8, 11} : 6,22
+{ 1, 2, 3, 4}: 7 +{ 1, 3, 4, 5, 8}: 6 { 1, 3, 5, 8} : 5,22
+{ 1, 2, 3, 5}: 6 +{ 1, 3, 4, 5, 8}: 5 { 1, 4, 5, 8} : 4,22
+{ 1, 2, 4, 5}: 5 +{ 1, 3, 4, 5, 8}: 4 { 2, 3, 4, 5} : 6,22
+{ 2, 3, 4, 5, 7}: 6 { 2, 3, 4, 7} : 5,22 +{ 1, 2, 3, 4}: 6
+{ 2, 3, 4, 5, 7}: 5 { 2, 3, 5, 7, 10} : 4,22 +{ 1, 2, 3, 5}: 5
+{ 2, 3, 4, 5, 7}: 4 { 2, 4, 5, 7} : 3,22 +{ 1, 2, 4, 5}: 4
+{ 2, 3, 4, 5, 7}: 3 { 3, 4, 5, 7, 8} : 2,22 +{ 1, 3, 4, 5, 8}: 3
+{ 2, 3, 4, 5, 7}: 2 { 1, 2, 3, 4} : 5,23 +{ 1, 2, 3, 4, 5}: 5
{ 1, 2, 3, 5} : 4,23 +{ 1, 2, 3, 4, 5}: 4 { 1, 2, 4, 5} : 3,23
+{ 1, 2, 3, 4, 5}: 3 { 1, 3, 4, 5, 8} : 2,23 +{ 1, 2, 3, 4, 5}: 2
{ 2, 3, 4, 5, 7} : 1,23 +{ 1, 2, 3, 4, 5}: 1 { 1, 2, 3, 4, 5} : 0,24
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